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1 Introduction 

The purpose of this paper is to provide a new and general method to find closed 
orbits for the characteristic foliation on a compact hypersurface of contact type 
by using Gromov-Witten invariants. The question on whether such closed orbits 
exist has been known as the Weinstein conjecture, proposed in [W]. As one of 
the applications of our method, we completely solve a stabilized version of this 
conjecture in this paper. To describe the conjecture, we need to introduce some 
basic notations first. 

Let be a connected, symplectic manifold with a symplectic form to. A 
hypersurface S is said to be of contact type if there exists a vector field X 
defined on some neighborhood U oi S such that (i) X is transversal to S and 
(ii) LxOJ — uj. 

Now for any hypersurface S in a symplectic manifold V , there exists a 1- 
dimensional characteristic foliation ^ of 5 defined by: 

= {vx I Vx e T^S, uj{vx,Ux) = 0, for all £ T^S} 

for X e S. 

The Weinstein conjecture claims that if S is of contact type and compact, 
then S carries at least one closed orbit of ^. The stabilized version of this 
conjecture claims the same conclusion as above under the assumption that 5* is 
contained in {V x C", ® 010)7 the stabilization of V. 

Before we state our result, we recall that given A e H2{V, Q), the {n + 2)- 
pointed GW invariant is a homomorphism 

(see [FO] and [LT]). Here for convenience, we use homology instead of cohomol- 
ogy as in [FO] and [ LT]. We will omit the upscript V if no confusion arises. 



1 



Throughout this paper, we wiU assume that S separates V , i.e. there exist 
two submanifolds V- and V+ of V with common boundary S such that V-^ U 
V+ = V,V- D V+ = S. This can be achieved by imposing, for example, that 
H\V,Z2) = 0. 

The main theorems of this paper are stated as follows. 

Theorem 1.1 // there exist A G H2{V, Z) and a+, a_, G H^{V, Q), such that 

o o 

(i) supp{a+) ^V-, and supp{a^) ^V+; 

(ii) the GW-invariant A,g,n+2iC;a^, a-f-, Pi, ■ ■ ■ , Pn) J^O, 
then S carries at least one closed orbit of ^. 

In particular, we have 

Theorem 1.2 Let S be as above. If there exist A G H2{V,Z) such that the 
invariant ^A,g,n+2(s 6j 6, • ■ •) ^ 0, where e denotes the generator of Ho{V,7i) 
represented by a point, then S carries at least one closed orbit of ^. 

Among various potential applications of these two theorems, we only mention 
the following corollaries. 



As a corollary to Theorem 1.1, we have completely solved the stabilized 



Weinstein conjecture in the following theorem. 



Theorem 1.3 The Weinstein conjecture holds for (V © C^oj © ujq). That is, 
after V is stabilized by C', the Weinstein conjecture holds. 



As a corollary to Theorem 1.2, we have 



Theorem 1.4 The Weinstein conjecture holds for Y[i=i CP"' with the sym- 
plectic form u) — ©f^^Wi, where uji is the standard symplectic from of CP"'. 
Moreover, the Weinstein conjecture holds for any rational algebraic manifolds 
{V,uj), provided there is a surjective morphism n : V CP^^ such that n is 
one to one over ^ \ 5* for some subvariety S of V with codimcT:{S) > 2. In 
particular, the Weinstein conjecture holds for any blow-ups of CP" along its 
subvarieties. 



A special case of this theorem, where V — CP" , was proved by Hofer and 
Viterbo in [HV]. 

Closely related to this conjecture is the existence of closed orbits of some 
Hamiltonian function, which can be described as follows. 

Let : 5' X (— e, e) — > [/ ^ F be the flow of the vector field X. Since X is 
transversal to S', ^' is a diffeomorphism from S x (— e, e) to some neighborhood 
W of 5 in V. Let St^'HiSx {t}), W- = \Jt<oSt and W+ = \Jt>oSt. Note that 
S = So. Then W = SUW+UW-. 

Because of our assumption that S separates V, we may assume further that 
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there exist two submanifolds V- and V+ of V 
, ^ I with common boundary 5 such that 

] (i) V-\JV+= V, F_ n y+ = S; 
{i\)W-'^V-,W+'^V+. 

This condition imphes that S can be reahzed as a zero set of some Hamiltonian 
function. 

A particular defining Hamiltonian function H = Hs,x of S can be defined 
as follows. 

r e, x&V+\W+ 
H{x) = I 4>{t) xeSt 

[ -e x€V-\W-, 

where <p : [— e, e] — > [— e, e] is a smooth function defined by 

{t -e + 25 <t<e-2S 
-e t<-e + 6 
e t> e-S, 

for some < 5 << e. The Hamiltonian vector field Xjj is defined by 

oj{Xjj, •) = dH. 
Consider the Hamiltonian equation 

^ = Xf,ix{t)). (1) 

Any non-trivial closed orbit x of (1) will lie on some level hypersurface St = 
H^^{t), —e + S<t<e — S. Now the condition Cx^ = ^ implies that the 
characteristic foliation on 5*4 is conjugate to ^ = on S* under the flow ^l*. It 
follows that S will also carry a closed orbit of ^ given by ^^^{x). 

Therefore, the Weinstein conjecture for those compact hypersurfaces of con- 
tact type satisfying (*) can be proved as long as the existence of some non-trivial 
closed orbits of (1) can be estabhshed. 

The Weinstein conjecture was first proved for a convex or star-shaped hyper- 
surface in (R-^", Wo) by Weinstein and Rabinowitz in [W] and [R] respectively. In 
1986, a substantial progress was made by Viterbo in [V]. He proved the conjec- 
ture for any compact hypersurface of contact type of (R^", ujq). A simpler proof 
of this was given by Hofer and Zehnder in [HZ]. We notice here that for any 
hypersurface of R^", the above condition (*) always holds. Due to the work 
of Gromov and Floer, it is possible to generalize this result to hypersurfaces 
in certain general symplectic manifolds. In [FHV], Floer, Hofer and Viterbo 
proved the Weinstein conjecture for M x R^" with symplectic form u) ® Wq 
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under the assumption that ■K2{M) = 0. Note that any compact hypersurface 
S* of M X R^" can be embedded into M x {5*^}" for some large r, where 5^ 
is the 2-dimensional sphere of radius r with the standard symplectic form wq 
given by the area form. In [HV], Hofer and Viterbo proved the same statement 
under the weaker but rather technical assumption that mmLo{A) > ujq([S'^]) 
for all effective classes A £ H2{M). Here a second homology class A is said to 
be effective if there exists an w-compatible almost complex structure J and a 
non-trivial J-holomorphic sphere f : ^ V such that [/] — A. We note that 
in [FHV] and [HV], the condition (*) was never stated explicitly, although such 
a restriction seems to be necessary for their method of using Hamiltonian func- 
tions as we remarked above. We may view the main results obtained in [FHV] 
and [HV] as a stabilized version of the Weinstein conjecture. In this aspect, as 
we mentioned before, we are able to solve such a stabilized Weinstein conjec- 
ture completely without any restriction on (V, lj). (See Theorem 1.3 above.) For 
three dimensional contact manifolds, many deep results have been proved on the 
Weinstein conjecture and related problems by Eliashberg, Hofer, Zehnder and 
others (c.f. [EH], [HWZ]). For example, Hofer solved the Weinstein conjecture 
for overtwisted contact 3-manifolds. 

The main focus of this paper, however, is not only to prove the stabilized 
Weinstein conjecture, but to establish the full relationship between the existence 
of J-holomorphic curves of any genus and the existence of non-trivial closed 
orbits of H . Such a relationship obtained by using Gromov-Witten invariants 
of any genus did not appear in previous literature even for the semi-positive 
case. 

The general idea of proving the existence of closed orbits for the Hamil- 
tonian equation (1) by using genus zero J-holomorphic curves or perturbed 
J-holomorphic curves was already realized by Floer, Hofer and Viterbo. One 
quantitative form of such an idea was developed in [FHV] and [HV] as their 
theory of d-index. The desired existence results were then obtained by exploit- 
ing the deformation invariance of the d-index. However, the results obtained by 
this theory are quite limited. It may be partly because the well-known difficulty 
of the transversality of multiple covered J-holomorphic spheres of negative first 
Chern class and partly because the pathological nature of Hamiltonian function 
used in d-index. In fact, most of the results obtained in [HV] were not proved 
even for semi-positive symplectic manifolds before. 

The recent progress on the Floer homology theory and GW-invariants (cf. 
[FO], [LT], [LiuTl]) enables us to overcome the difficulty of transversality. Fur- 
thermore, in this paper, we will describe the full relationship of the existence 
of J-holomorphic curves of any genus with the existence of closed orbits of the 
Hamiltonian equation (1) in its general form. We believe that this new finding 
will throw light on solving the Weinstein conjecture completely. Hopefully, this 
new finding also gives clues to understanding the mystery of Gromov-Witten 
invariants on symplectic manifolds. 

To prove Theorem [L.l| , we choose an w-compatible almost complex structure 
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J and consider a family of Hamiltonian functions H\ = A • -ff , A G [0, oo). Let 
A S H2{y) and a+, a-, /3j £ H^,[V), j — I, ■ ■ ■ ,n. As before, we assume that 
a- G V+ and a+ S F-. The key step now is to obtain a Morse function H which 
is a small perturbation of H such that Hx = X-H has no non-trivial closed orbits 
in and has the same closed orbits as Hx has in W, if < A < l+uj{A)/2e. 

The reason for choosing the quantity 1 + u}{A)/2e will be explained in Section 
of this paper (see [HV] also). By the usual Morse theory, a+ (a_) can be 
represented by a linear combination of some critical points of H, denoted it by 
c+ (c_), together with the associated descending (ascending) manifold Af(c+) 
(M(c_)) in V. {V+). 

We will define a perturbed GW-invariant ^A,Jx.Hx,g{c-,c+, Pi, ■ ' ' ^ Pn) in 
Section |^ and Section ^ In genus zero case, it counts algebraically the ly- 
perturbed (J, i7A)-niaps 

u : (R^ X 5^X1, •■•,a;„) (T/; • • ■ , /?„), 

satisfying the conditions 

(i) dj^Fx,uU = 0, (ii) lim^^+oo "(s, i) = c+, lim^^-oo w(s, t) = c_, (iii) [u] = A 
(see Section ||for higher genus case). 

Theorem 1.5 When A is small enough, 

'J'A„/A,_ffA,g(C-,C+,/3l, • • • ,/3„) = ^'A,g(a-,a+,/3i, • • • ,^n)- 

This theorem were claimed in [PSS] and [RT] for semi-positive case. The 
third different method were described in [L2]. However, these methods are not 
sufficient for general symplectic manifolds. Using the techniques devoloped in 
[LiuTl], we will prove this theorem in [LiuT3]. 

The following theorem is the main technique part of this paper. 

Theorem 1.6 If H has no non-trivial closed orbits, then the perturbed GW- 
invariant ^A.Jx.Hx,g{c-, c+, /3i, • • • , Pn) well-defined, independent of the choice 
of X e {0,1 + uj{A)/2e). Moreover, ^A,Jx.Hx,g{c-,c+, Pi, ■ ■ ■ , f3n) = when 
X>Lu{A)/2e+l. 

The proof of this theorem requires a T^^-equi variant version of the new 
technique developed in [LT] and [LiuTl] . The simplest case of such a theory , 
the 5'^-equivariant case, was already used in our computation of Floer homology 
in [LiuTl]. 

Now Theorem 1.1 follows from Theorem 1.5 and Theorem |l.6| easily. 



The main body of this paper ( from Section 3 to Section M ) is devoted 
to establish a Morse theoretic version of GW invariants of genus zero case for 
general symplectic manifolds under the assumption that H has no non-trivial 
closed orbits. We then prove Theorem 1.1 for genus zero case in Section]^. In 



the last section, we generalize the theory of genus zero case to higher genus case 
and prove Theorem 1.1 for any genus. 
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We note that if the symplectic manifold V is semi-positive, our theory in 
this paper can be developed in a much simpler manner. This includes the case 
where dimension of V is four or six. 

This paper is the detailed version of our announcement [LiuT2] . During the 
preparation of this paper, we learned that W. Chen proved some relevant results 
for the 4-dimensional case in [C] by a different method. 

From now on until the end of Section we will only deal with the case 
of genus zero. The discussions for higher genus cases are identical and will be 
outlined in last section. 



2 Compactness 



In this section, we will set up our main assumption, which will be used through- 
out the rest of this paper. We then explore the two simple consequences of the 
assumption, the existence of the Morse function H mentioned in Section 1 and 
the compactness of the moduli spaces of cuspidal (J, i/)-maps. 

• Main Assumption (I): H has no non-trivial closed orbits. 

The first consequence of this assumption is the following lemma. 

Lemma 2.1 There exists a Morse function H such that (i) H has same level 
sets as H has in W ; 

(a) H is C'^-close to H so that for any critical points c_ in V- and c+ in 

V+, 

< rjt . rr ^ < ^0, 

H{c-) - H(c+) 

where Aq = 5 + -57^ and A is an effective second homology class in the sense 
that it can be represented by some J -holomorphic sphere; 

(Hi) for any < A < Aq + ^, H\ = X ■ H has no non-trivial closed orbits of 
period one. 

Proof: 

Choose r > such that 

Here S is the same as the one appeared in the definition of H. As before we 
assume that S « e. Recall that H{x) = t if x G St, —e + 26 < t < e — 26. Let 
Vs be the manifold V+\S x [0, s] with boundary Sg. Set H+ = H\v,-2s- Then 
VH+ ^ along the boundary of Ve^2S- 

It is well-known that there is a C^-small C°°-function G+ : V^-2S R- 
such that = H+ -\- G+ is a Morse function on ¥^-25- Since iJ+ is regular 
along S'e_25, we may arrange that G+ vanishes near S^-25- Now decompose 
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as: F+ = e-26 + F+ and define = e - 26 + XF+. Let F^ = XF+. Then 
VF^ = VF^. Hence F^ has non-trivial closed orbits if and only if F^ has. Now 
ll-Fl^llc^ = ^^Il^+llc^j which implies that the C^-norm of F^ is small when A is 
small enough. Therefore, there exists a Ai > such that F^ ( hence F^) has 
no non-trivial closed orbits of period 1 for < A < Ai. 

Similarly we can also define F-,F^, etc on V-e+2S- 

Fix a A > satisfying the following two conditions: 

(a) A(Ao + l/2) < Ai; _ _ 

(b) for any critical point c+ of and c_ of F_, 

A|F+(c+)-F_(c_)| <2r. 

Define H+ = F^ and H- = F^. We will extend H+ UH-toV to get an H 
with the same level set as H has in the "middle part" S x [—e + 2S,e — 2S]. If 
this is done, then it follows from (a) and (b) that H has the required properties 
of the lemma. 

We define H on S x (-e + 2S,e- 26) to extend H+ U as follows, 

H(\ = j H{x), X e S X {-e + S6,e-36) 

\ ip{t{x)), xGSx{{-e + 26,-e + 36)U{e-36,e-26)}. 

Here t{x) is the t-coordinate of x and tp : {—e + 26, —e+36)U{e~36, e — 2(5) — *■ 
R is an increasing C°°- function defined by requiring that 

(i) on (e — 3(5, e — 2(5), ip connects smoothly the two functions ipi{t) = t^t < e — 35, 
and 'ip2it) = (e - 26) + \(t - (e - 26)), t > e - 26; 

(ii) ip does similar thing on (— e + 2(5, — e + 3(5). 

Clearly H so defined has the same level sets as H has in S x {—e + 26,e — 26). 

□ 

Our assumption now becomes 

• Main Assumption (II): 

H\ = X-H has no nontrivial closed orbits of period one, for < A < Ao + |. 

Later on we will make some C°°-small generic perturbation of H. Since 
the perturbation can be made arbitrarily small, we will assume that the main 
assumption (II) also holds for those perturbed H. 

We now state the consequence of the assumption on the compactness of the 
moduli space of cuspidal {J\, Hx)-ma,ps, where < A < Aq + 1/2. 

Lemma 2.2 Fix any two critical points c_ and c+ of H\, let {fi} be a sequence 
of {Jx^, Hx^)-m,aps of class A connecting c_ and c_|_, with Xi £ [e, Ao + 1/2] 
for some small e > 0. After reparametrization of the domain of fi and taking 
subsequence, we have that {fi} weakly C°° -converges to a cuspidal {J\^,F[x^)- 
map foo of same class A connecting c_ and c+. 
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The domain E of a cuspidal ( Ja , H\)-map / is a union E = J'^Pi 
its principal components Pi and bubble components Bj. Each Pi = x and 
the collection {Pi} form a chain. Each bubble component Bj = S"^ is attached 
to some Pi or some other Bk at some of its singular points. All components of 
E form a tree. 

Definition 2.1 A continuous map f : Y, ^ V is said to be cuspidal {J\,H\)- 
map of class A connecting c_ and c_|_, if there exist Np + 1 critical points 
ci, • • • ,CNp+i of H\, with ci = c_, cjvj,_|_i = c+ such that 

(i) djxMxfi' = 0> linis^-oo /f (s, = lims_»oo /f (s, 0) = c^+i, i = 1, • • • , TVp. 

An analogy of this lemma, in which the Morse function Hx is replaced by some 
generic time-dependent Hamiltonian function is proved in [F] section 3. The 
proof there can be easily adapted to our case as long as we can make sure that 

(i) Hx has no non-trivial periodical orbits of period one for < A < Aq + 1/2; 

(ii) all critical points c of Hx^ when considered as a trivial periodical orbit of 
the time-independent Hamiltonian function Hx is non-degenerate in the sense 
of Floer homology. Now (i) follows from our main assumption and (ii) can be 
achieved by a small C°°-perturbation of H . Note that (ii) implies that any 
{J, 7?)-map convergent to c along its ends will converge to c exponentially. 

3 Moduli Space of Stable Maps 

In this section, we will define the various moduli spaces of stable maps needed 
to define the Morse theoretical version of GW-invariant. 

3.1 Stable Curves 

Stable curves will appear as the domains of stable maps, which are to be defined 
below. From this Section up to Section ^ we will only consider semi-stable ( 
connected ) curves of genus zero. Geometrically such a curve E is a union of 
its components E; = S"^ with only double points as its singularities, and its 
components form a tree (i?i(E) — 0). 

We now define semi-stable ^-curves and C/-curves: 

Definition 3.1 An n-pointed semi-stable J- -curves (E, I, x) is a semi-stable curve 
E with n ( ordered) marked points x — {xi, ■ ■ ■ , x„} in E away from its singular 
points such that the components of E can be divided into principal components 
Pi,i ~ 1, • • • , Np, and bubble components Bj, j ~ 1, • • • , Nb- The principal com- 
ponents form a chain in such a way that each Pi has two distinguished points 
Zi and Zi^i, i — I, - ■ ■ ,Np such that Pi and P^+i join together at z^+i. I is the 
collection of marked lines li on Pi connecting its "ends" Zi and Zi^i. 
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Using the marked line k , we may identify {Pi \ {zi, Zj+i}; /») with (R x 
S';{0 = 0}). 

An n-pointcd semi-stable Q-cmve can be obtained from the corre- 

sponding ^-curve by simply forgetting all marked lines li's. 

Two semi-stable ^-curves (S^;Z^,a;^) and {'E'^;P,x'^) are said to be equiva- 
lent if there is a homomorphism (/) : Si — ^ S2 which preserves marked points and 
lines such that the restriction of to any component of Si is a biholomorphic 
map. We will use {Ti,l,x) to denote the resulting equivalence class of (S,Z,x). 
Similarly we can define equivalence class for semi-stable ^/-curves by simply for- 
getting those marked lines in the definition of the equivalence of .F-curves, and 
we will use (S, a;) to denote the equivalence class of a semi-stable ^-curve (S, x). 

Definition 3.2 

^Mo,n = {{'^tItX)\{'E,1,x) is a semi-stable J--curve}, 
O.Mo,n = {(5^)2;)|(S,a;) is a semi-stable Q-curve}. 
There is an obvious forgetting map: 

sending {T,,l,x) to (S,a;). 

From now on, for simplicity, we will call a semi-stable .7-"-curve or a semi- 
stable 0-curve an ^-curve or ^-curve respectively. 

Given an .F-curve {11, 1, x) or a ^-curve (S,a;), there is an obvious way to 
add minimal number of markings yi to an unstable principal component Pi and 
Uj ,1 < k < 2, to an unstable bubble component Bj to stabilize S. We will use 
y to denote the set of the added markings and (S, I, x; y) and (S, x; y) to denote 
the resulting stabilized F-curve and C/-curve and call them stable F"-curve and 
stable t/-curve respectively. Here stability means that each of its components 
contains at least three singular points or marked points in x or y. There is 
an obvious forgetting map here from the set of stable F"-curves or C?-curves to 
the set of semi-stable ones, sending (S,l,a;;y) to (S,Z,x) or (S,x;t/) to (S,x) 
respectively. 

From now on we will use various simplified notations, depending on the 
context, to denote above curves. For instance we may write (S, y) for (S, I, x; y), 
if no confusion arises. 
• Local Deformation of {Jl,l,x;y) 

Given a stable .F-curve (S; I, x; y), with double points 

GPi,m = l,---,M^* and df'GBj,l = l,---,L^\ 

let and af^ be the complex coordinates of the corresponding double points 
of d^* and ' of a nearby curve S' of same topological type. Let a = 



9 



{a^ ,ai m < M^' — 3 + r^' , and / < L^^ — 3 + r^^ , where r^'and 
r^i are the number of elements in x and y in Pj and Bj respectively. Let 6 
be the collection of all angular coordinates 0i of the third from last double or 
marked point of the principal components F/. Now u = {a, 9) gives rise to the 
universal local coordinate of nearby stable .F-curve . We will use S„ to denote 
the nearby curve with coordinate u. 

For each double point in S' = say, d'l € P[ and d'2 G -B2 with d'l = d'2 
in S', we associate a complex gluing parameter ti = t2 & Dg = {z \ \z\ < 
The corresponding gluing here is the following: cut off the two discs of radius 
\ti\ = 1^2! of P{ and B2 centered at d[ and respectively and glue them back 
along the boundary circles through a rotation of arg ti. Let t be the collection 
of all such gluing parameters. Similarly for each Zi,i = 2,---,Np — 1, we 
associate a gluing parameter Ti G Is = {r\r € R"*", r < 6}. There is also a 
similar but simpler gluing process for each Tj. Let r = (rj) and v = (t,r). 
Then (5](„ = (S^g,^^ ^ Z)) is the local "universal " deformation of (S,Z) as 
an .F-curve . 

The "universal" deformation for ^-curve can be defined similarly. Since in 

this case there is no such marked lines I appearing, there is no such parameter 9 
and associate to each Zi is a complex parameter fi = {Ti, 9i) instead of Tj. Let t 
be the collection of all complex gluing parameters associated with double points 
and "ends" of E, the ^(oi,i) "universal" deformation of S as a ^-curve . 

• Fixed Markings 

Recall that in order to define GW-invariants, one needs to speciiy a cycle 
C in iJ*(A^g^„+2- Chosing such a cycle will impose restrictions to the possible 
domains in the bubbling process of the Gromov-Floer compactification of stable 
maps. For simplicity, we only describe in detail the case C — {pt}. The general 
case can be treated similarly. 

Since the main issue hero only involves how to fix marked points, we can treat 
both .F-curve s and 5-curve s equally We only formulate the "fixed marking" 
process for ^-curve s. 

Let (5*^; —00, +cxd; ii, • • • , x„) be a fixed a model, where —00 and +oc are the 
two "ends" if we identify S"^ \ {—00, +00} with R^ x S*^. We want to define the 
notion of a semi-stable curve with "fixed" marked points, markings, xi, • • • , x„ ( 
modeled on (S*^; x) ) if (i) there exists a principal component Pi and n many of its 
double points or marked points, di, • • • , d„ such that {Pi\ Zi, di, • • • , dn) — 
(5^; —00, +00; xi, • • • , Xn)] (ii) each marked point Xi of (E, x) lies on the branch 
B(di) consisting of all bubble components with " root" d;, if Xi 7^ di. 

Let (E,a;,i/) be the minimal stabilization of (E,x), the next lemma explains 
why the above two conditions are the desired ones. 

Lemma 3.1 There is a gluing procedure such that for any gluing parameter t 
with non zero components, 

(^(a,t); 2:1, ^jvp+i, ■ ■■,Xn) = (5^; -00, +00; xi, ■ • • , 
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after forgetting those markings y o/ (S^^ j-,, x, y). 

Note here the parameter a is subject to the restriction imposed by the "fixed" 
marking condition. 
Proof: 

Away from those components Bij in B{di), the gluing procedure is the 
same as before. Let € -Bj Because of the tree structure of the components 
of S, there is a unique chain of bubble components -Bi.j, j = 1, • • • ,^ of B{di) 
with each Bi^j having two particular double points and d^^^, connecting di 
and Xi. Here di = d^ and Xi = Now there is a unique identification of 

each Bij — {d\ d^+^j = x S"^ up to translations and rotations of x S*^. 
Use the cylindrical coordinate here ( or the corresponding polar coordinate ) to 
do the gluing associated with the double points d^ . It is easy to see that after 
forgetting markings other than x, j has the desired property. 

□ 



3.2 Stable Maps 



• Given a homology class A G H2{V, Z), a stable (J, -ff)-map / from an J^-curve 
(S, I) to V of class A connecting critical point c_ and c+ of is a map defined 
on (S, \ [jf^^^{zi} such that: 

(i) on each principal component P,, 

^+A/n^-vi/(/n=o, 

where (s, 6) e R^ xS*^ is the cylindrical coordinate of Pj and f[ = f\pi-{zi,zi+iy^ 

(ii) there exist Cj, c = 1, • • • , Np + 1 with c\ = C-,cmp+i = c+ such that 

lim /f(s, 61) = Cj and lim ff {s,0) = Ci+i; 



(iii) on each bubble component Bj, djf^ = 0; 

(iv) EJ.fn + E,[.ff] = ^; 

(v) each constant component is stable in the sense that it has at least three 
double or marked points. 

Two such maps /i and /2 with .F-curves as their domains are said to be 
equivalent if there is an identification 

(j):{i:\l\x^) (S2,Z^a;2) 

such that /2 = /i o (t>- Similarly, we can define equivalent relation for stable 
(J, _ff )-maps with ^-curve s as domains. We will use (/) to denote the resulting 
equivalence class of /. 
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We also need the notion of stable L^-maps, which can be defined by simply 
requiring that / is a i^-map, k — - > 1 satisfying requirements (ii) , (iv) and 

(v). 

Each stable map / determines an intersection pattern D / which encodes the 
following information: 

(i) the topological type of the domain E = E/; 

(ii) the homology classes [ff], [/f ] G H^iV, Z); 

(iii) the critical points Cj, i = 1, • • • Np + 1. 

Note that the topological type of E is determined by its intersection pattern 
I = which can be thought as a pairwise correspondence of the double points 
of S lifted to the smooth resolution of E. 

Given a stable map /, we define its energy 



where E(/f)=//^,,^,|^p. 

Note that if / is a (J, il)-map of class A connecting c_ and c+, then 

^(/)=a;(A) + /(c+)-/(c_). 



Lemma 3.2 For a generic choice of {J,H), there exists a S = 5{J,H) > 0, 
such that for any non-constant stable {J,H)-map f, E{f) > S. 

Proof: 

Assume that there exists a sequence of (J, i/)-maps {/j} of class A such 
that lim£^(/j) = 0. By choosing a suitable subsequence we may assume that 
each fi has only one principal component and connects two fixed critical points 
c_ and C-)-. It follows from Gromov-Floer compactness theorem for cuspidal 
maps that a subsequence of {fi}, still denoted by {fi}, is C"^— convergent to a 
constant map. Hence c_ = c+, [fi] = 0, for large i. If fi is not a constant, 
there exists a unique simple (J, ^iJ)-map fi such that fi = fi o Tr-m, where 
tTto : R-''^ x ^ TO- X is given by 7rm(s, 0) = (ms, mO). Here fi being simple 
means that it can not be factorized through further for any m > 1. 
Consider the moduli space 

M°{c^,c+-J,H, A) 

= {g\g ■.'R} X 5^ — » y is a ( J, -ff)-map, [g] = A,g is simple }. 
Then for a generic choice of (J, H), 

dim7W°(c_, c+; J, —H, —A) = Ind{c+) - Ind{c-) + 2ci{A)/m, 
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which is zero in the case that c_ = c+ and A = 0. Clearly 

fiGM°{c-,c+;J,-H,0). 

m 

Since fi is not a constant, it follows from [FHS] that for a generic choice of 
{J,H), fi has a two dimensional symmetries, which implies that 

dim M° ( c-,c+; J,— H,0) > 2. 
m 

This is a contradiction. 

□ 

An intersection pattern D is said to be effective ii D = Df with / being a 
stable (J, -ff)-map. Let e > and define 

= {D\Dis effective, E{D) < e}, 

where the energy E{D) = E{Df) = E{f). 

Lemma 3.3 is finite for any e > 0. 

Proof: 

It follows form Gromov-Floer compactness theorem for cuspidal maps that 
there arc at most finitely many possible homology classes which can be repre- 
sented by some (J, if )-map / with Df gV. Therefore it is sufficient to prove 
that there are only finitely many possible topological types of for such /. 
To this end, wc observe that / has at most [|] + 1 non-trivial component. This 
implies that the stabilized curve (S, y) obtained by adding minimal number of 
markings to S has at most 2([|] + 1) + n markings. This in turn bounds the 
number of double points, and hence bounds the number of components of S/. 

□ 

There is a partial order relation in defined as follows : Di = Df^ < 
D2 = Df^ if (i) can be obtained from S/^ topologically by the gluing 
construction described in Section 2.1; (ii) the homological classes represented 
by the components of /i and /2 are compatible with the gluing construction. ( 
See the next subsection for the definition of the gluing of stable maps.) 

3.3 Moduli Spaces of Stable Maps 

Now we can define various moduli spaces of stable maps. 

Let !FAi{c^, c_|_; J, H, A) be the moduli space of equivalence classes of stable 
(J, iJ)-maps of class A connecting c_ and c+ with .F-curvcs as domains. 

Similarly we can define the moduli space QA4{c-,Cj^; J, H, A) of the equiva- 
lence classes of stable (J, i?)-maps of class A connecting c_ and c+ with ^-curves 
as domains. 
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Let J^B^{c-,c+;A) be the moduli space of equivalence classes of stable L^- 
maps of class A connecting c_ and c+ with ^-curves as domains, the energy of 
whose elements is less than e. 

Since the energy E{f) is bounded for any element in J^M{c-,c+; J,H,A), 
!FM.{c-,cy, J, H, A) c ^S^(c_, c+; A) when e is large enough. We will choose 
such an e once for all and omit the superscript e for the moduli space of L^-maps. 

Similarly we define GB{c-, c+;A). 

We can also restrict to some particular intersection pattern D G T>^ and 
define the corresponding moduli spaces. We denote them by 

J^M'^{c-,c+;J,H,A) and gM'^{c-,c+;J,H,A) etc. 

Prom now on, we will omit c_ and c+ in our notations of above moduli spaces 
when no confusion arises. 

• Weak topology on J^M{J, H, A) and gM{J, H, A) 

There are two different but equivalent topology on the moduli spaces of 
stable (J, _ff)-maps, the weak C°°-topology and strong L^- topology. 

We start with defining the weak C°°-topology. We will only deal with J^M. 
and leave the corresponding statements for QA4 to readers. 

• Definition of Weakly Convergence 

Given a sequence {{fi)}i^i of equivalence classes of stable (J, il)-maps with 
.F-curvcs as domains, we say that {{fi)} is weakly C°°-convcrgcnt to a stable 
(J,i7)-map (foo) if there arc fi e {fi),foo G (foo) such that the following 
conditions hold. 

(i) After stabilized by adding minimal number of markings, the stabilized do- 
mains Si = Syv is convergent to = ^/oo the sense that when i is large 
enough, there exist identifications of stable J^-curves, <f)i : — > Sj and 
0OO : S(o,o) 2]oo, such that {ui,Vi) — > (0,0) as i ^ oo. Here E(„^_„^) is the 
local deformation of S(o,o) defined before in Section 2.1. 

(ii) Given any compact subset K C S(o,o) \ {singular points}, there is an obvious 
embedding if : K ^ through the gluing construction, when i is large. 
Define ff = fiO(t>iOif:K^V and = (/oo o <^oo)|x- We require that 
{/i^li^i is C°°-convergent to for any K as above. 

(iii) limiE{fi)=E{f^). 

We will call the induced topology on J^M{J,H,A) and gM{J,H,A) the 
weak C°° -topology. 

Theorem 3.1 J^M.{J, H, A) and QAi{J, H, A) are compact and Hausdorff with 
respect to the weak C°° -topology. 

The compactness part of this theorem for cuspidal maps is known as Gromov- 
Floer compactness theorem. The analysis there can be adapted here to prove 
the corresponding part of our theorem up to some suitable modification. The 
Hausdorflfness is not true for the moduli space of cuspidal maps, but only holds 
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for the moduli space of stable (J, )-maps. The complete proof of this statement 
is in [LiuTl], Sec 4. We refer our readers to the proof there. 

To define the strong L^-topology we mentioned before, we need to work with 
stable L^-maps. 

• Strong L^-topology and local uniformizer 

• Local deformation of stable (J, i?)-maps. 

We start with defining the local deformation of a stable (J, iJ)-map. Again 
we only deal with stable maps with .F-curves as domains. Given a stable map 
(/), let / e (/) be a representative with .F-curve (S,/) as its domain. Let 
(E(„ ,;), /) be the local imiversal deformation. We define -^(u.o) : ^(u,o) ^ V and 
f{u,v) ■ ^{u,v) ^ as follows. 

Choose a family of homomorphisms ^(u,o) of ^{u,o) to S(o,o) such that the 
restriction of (/)(„, o) to each component of 5](„ q) is a diffeomorphism and it 
maps all double points on the components of '^{u,o) to the corresponding double 
points of 5](o,o)- Moreover, <?i>(„^o) is identity on each component of S(„ g) outside 
a prescribed small neighborhood of its double points. When |i6| is small enough, 
such a 0(„,o) exists. Note that (j)(u,o) is not holomorphic. 

We define that /(„,o) = / ° '/'(u,o)- 

Now ,f(^u,v) is obtained from /(„,o) by the following gluing procedure with 
gluing parameter v. 

It is sufficient to consider the following two simplest cases: 

(i) /(m,o) = /i U /2 with /i being a principal component and /2 being a bubble 
component. Let di = d2 be their double points, associated with a complex 
gluing parameter t. 

(ii) /(«,o) — fi U /2 with both of them being principal components jointed at 
their double point z ( one of their "ends"). Associate with z a positive real 
gluing parameter t. 

The case of gluing two bubble components is the same as case (i) above and 
the general case can be reduced to above cases. 

For case (i), let Di and D2 be the small discs of Ei and S2 centered at di 
and d2 respectively. Let {si^6i),i = 1,2 be their cylindrical coordinates given 
by Wi = e~('*'+**''). Then E(„ f) is obtained from E(„ 0) = Ei U E2 by cutting off 
{{si,9i)\si> — log \ t\} ^ Di and gluing back to remaining part of S along the 
boundaries through a rotation of arg t. Choose a cut-off function 




s < - log \t\ - 2 
s > -log|t| - 1. 



We define 




w e s,\{(.s„&0|s» < -logKI -2} 

w e {{s„0,)\s, > -log|t| -2}, 



where ^i{w) is defined by fi{w) = Expf(^d)iiiw) when is small. 
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Case (ii) can be treated in a similar way. We leave it to the readers. 
• Local uniformizer and L^-topology of J^B{A). 

From now on, wc will assume that dim V > 4. Let (J, H) be a generic pair. 
Under the assiimption , it is proved in [FHS] 

Theorem 3.2 Given f € .FA^^(c_, c+, J, H, A), we have either 

(i) f is 6 -independent and hence a gradient line ofVH or 

(ii) there exists an integer m > 1, such that f = f o tt^, where iTm '■ x ^ 
X is given by {s,0) — » {ms,m6) and f is simple in the sense that there 

is no further factorization. Moreover if f is already simple, there exists at least 
one point (so, Oq) G R'" x such that f{s, 6) ^ f{so, Oq) if (s, 9) (sq, ^o) and 
Rank{df(^so,eo)) — 2- We will call such point {sq, Oq) an injective point. Note that 
f€J'M''\c^,c+,J,l^H,l^A). 

As pointed out in [FHS], if the theorem holds for {J,H), so does it for 

Given (/) G TM{J,H,A), choose a representative / G (/). If an unstable 
principal component ff is 6'-dependent, it covers a simple map ff . We may 
assume that there is an injective point {si,6i) of ff lying on the middle circle 
{si = 0}. 

For simplicity, we may assume that (sj, 0i) = (0, 0) G k and use yi = {si, 9i) 
to stabilize ff . For any unstable bubble component f^, it follows from [M] 
that, similar to the theorem above, f^ = f^ onj such that f^ has only injective 
points away from finite points of Bj and nj : Bj —> 5*2 is a finite branch covering. 
Choose yj,l < k < 2 to stabilize Bj in such a way that i^j{y'j) is an injective 
point. 

Let Hi be the local hypersurface of codimension two at Z/' (j/j) such that ff 
is transversal to at yi when ff is not ^-independent. We then choose a local 
hypersurface of codimension one such that ^ and f['\i^ is transversal 
to Hj at Hi. When ff is ^-independent, simply choose Hj of codimension one 
such that Hj is transversal to ff at in = (0,0). Similarly for each unstable 
bubble f^, choose hypersurface H^, 1 < fc < 2, of codimension 2 such that f^ 
is transversal to H*^ at y^. Let H be the collection of all those hypersurfaces 
Hj's and H^'s. Consider the local deformation f(^u,v) of / with IKu,?;)!! < 6 for 
some fixed small (5 > 0. Choose an e > 0, we define a local uniformizer of J^B{A) 
near {f) & TM{J,H,A), 

:rf/,(/;H) = 

{g = 9{u,v) I \\9{u,v) - f(u,v)\\k,p < ^,9{u,v){yi) € Hj, g(u,v){yj) € H^}, 

where g(u,v) ■ ^{u,v) ~* V and yi,yj G ,„) through gluing. Here the metric 
on J^(u,v) to define the L^-norm is induced from that of ^{o,o) through gluing. 

Before we state any properties of J^Udf; H), we define the L^-topology on 
J^B{A) and QB{A) by using a similar construction as above. We only treat the 
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case J^B{A) as before. Given (/) G J^B{A), choose a representative / e (/) and 
define 

^Ue{f) = {g = g{u,v) \\\{u,v)\\ < e, \\g{u,v) - f{u,v)\\ < e}- 

The process of forgetting those markings € ^{u,v) induces a natural pro- 

jection map 

TT^ = Mf) : ^ = 7r^(m(/)) ^S(A). 

Let JFf/ = {TU^{f) \f G{f), if) e J^B{A)}. One can directly check that 
Lemma 3.4 J^U form a topological basis on J^B{A). 

We will call the induced topology the (strong) L^-topology on TB{A). In 

particular we get an induced strong L^-topology on !FM.{J, H, A) as a subspace 
oiJ^B{A). It is proved in [LiuTl], Section 4 

Theorem 3.3 The two topologies on TM{J,H,A) ( QM{J,H,A) ) are equiv- 
alent. In particular, J-Jv[{J,H,A) ( QA4{J, H, A) ) is also compact with respect 
to L^-topology. 

One of the corollary of this equivalence is 

Corollciry 3.1 There exists an open neighborhood W of J^M{J,H,A) ( 
QM{J, H, A) ) in J^B{A) ( QB{A) ) such that W is Hausdorff with respect to the 
L^-topology. 

We leave its proof to our readers as it will not be used in the rest of this 
paper. Now we come back to TU^{f; H). 

Definition 3.3 

Vf = : S/ ^ S/ is an automorphism, fcf) = /}. 

Here each cp is a self identification of S j as an n-pointed J^-curve . 

Since each constant component of / is stable, it follows from the existence 
of injective points for simple maps that F/ is finite. 

The next lemma explains why TU^{f; H) forms a local uniformizer of J^B{A). 

Lemma 3.5 When e is small enough, there exists a continuous right action 
of V f on TUe{f;'H.), which is sm,ooth on each open strata of J^Ue{f;tl). The 
natural projection nyr : J^Ue{f;tl) — > J^B{A) commutes with Tf. The induced 
quotient map ttjf : J^JJe{f;'H)/T f — > TB{A) gives rise to a homomorphism of 
TU^{f;'R)/Vf and an open neighborhood of (/) in J^B{A). 



17 



Remark 3.1 Here the topology on J-Ue{f;tl) is the L^-topology, which can be 
defined similar to what we did for J^B{A) . The smooth structure for each strata 
TU^ {f;'H.) is the obvious one induced from the corresponding Banach manifold 
of product of mapping spaces. 

Proof: 

Define 

F/ = {(/) II : S/ — > S/ is an automorpliism. / o g J^Ue{f, H)}. 

We prove first tliat wlicn e > is small enough. Tj = Tj. In fact let yj = 
{f~^{f{yi))Tf~^{f{yj ))} be the collection of the inverse images of the images 
of those markings added for stabiUzing S/ . y/ is a finite set and F/ is a subgroup 
of the permutation group Sym{yf). Note that f~^{f{yi)) = yt- Hence 0(2/i) = 
yi,(f) G fj. But the elements of F/ may permute different bubble components 
which he on a same principal component. Let m = mm^QSy^(^y^^{\\f — / o 0|| > 
0}. It is easy to see that when < e << m we have F/ = F/. 

Given (f) G T f and g G .?-'f/e(/;H) with g = g(u,v) '■ ^(u,v) V. We want 
to define the right action g * <p. When e is small enough, g(^u,v) and f(u,v) 
are C^-close to each other. This implies that near (j){yi) = yi and 4>{yj) of 
5^(ti,ii) there exist points yi{(f>,g) and yj{4',g) uniquely determined by g such 
that g{yi{(t>,g)) e and g{y^{(t),g)) G H^. Note that here ci){yi) and (l){y^) 
come from the corresponding points in S = through gluing. 

Now consider stable jF-curve S = (pCS) equipped with markings (<j){yi), 
(j){yj), x). There exists a marking preserving identification 

: {(t>{^){u",v"y,(t>{yi),'t>{yj),x) {T,(^u,vy,yi{9,<f>),9j{9,<t>),x) 

for some gluing parameter {u",v"). Clearly, there is also an identification in- 
duced by 

(l>{u',v') ■■ {^{u',v'),yi,yj,x) {(l){T,)^^„y,y,(l){yi),(l){y^),x) 
for some {u',v'). Now we define 

g*(t>^ go ■)/'(„",„") o 4){u',v') ■ '^(u'v,v') V. 

Now we prove that for 51,52 S TU^i^f,!!), (gi) = (52) '^=> 30 € F/ such 
that gi = g2 * 4>- 

Wc only need to prove the =^ part. 

Suppose (91) = (92} with gi : E(„. ,;.) — > V, i = 1,2. Then there exists 
an identification of ^-curves <p '■ ^{ui,vi) ~^ '^(U2,V2)^ which preserves the fixed 
marked points x and marked lines but may not preserve those y's, such that 
gi = 92* 4>- Let {yf)(ui,vi) ^ ^{ui,vt),i = 1,2 be the finite subset of T,(^ui,vi) 
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corresponding to y/ of S/ through gluing. Consider (j){y{ui,vi)) ^ ^(U2,U2)- 
Then for each element in 4'{y(ui,vi))^ there is a unique element in {yf){u2,v2) 
such that the elements of 0(y) lie in a small disc centered at the corresponding 
element of {yf){u2,v2)- This induces an injective map from 4>{y) to (y/)(ti2,f2)' 
hence an injective map (py : y ^ yf. Now both gi and (72 are in J^Ue{f,H)- 
When e «m, this can happen only if (py is induced from some (p GTf. Having 
obtained such a 0, it is easy to sec that gi = (72 * 

Similarly, we can prove that for any g £ J^Us{f), when S << e, there exists 
some g £ J^Ue{f, H) such that {g) = {g). 

□ 

• Orbifold bundles 

• Orbifold structure of TB{A) near TM{J, H, A). 

Let J^Uc{f,tl) — TTj^{J^Ue{f,ll)), then jF?7e(/, H) is an open neighborhood 
of (/) e J^B{A). Consider the open covering 

(f)eJ'M(J,H,A) 

The compactness of J^M{J,H,A) with respect to the ( strong ) L^-topology 
implies that there exist finite fi,i = 1, ■ ■ ■ ,m, such that 

J'M {J,H,A)^\J ^[/e. (/„ H, ) . 
Now we use Ui to denote J^Uei{fi,'H.i) and Ui to denote its uniformizer. Let 

Theorem 3.4 U has a stratified orbifold structure with respect to the local uni- 

formizers. 

Proof: 

The proof is a routine verification of the definition of orbifolds. We only 
indicate the main step and leave the details to our readers. 

We only need to prove that if (g) € t/i fl U2 with Ui being uniformized by Ui 
with automorphism group Ti, i = 1,2, then there exists an open neighborhood U 
of {g), such that (i) U ^ f/inC/2; (ii) U is uniformized by U with automorphism 
group r such that there exist two injection homomorphisms : F — » Fj and 
two (F, Fi)-equivariant embeddings Xi : U Ui, i = 1,2. Here the equivariant 
condition means that for any (j) & T ,h & U , \i{h * (j)) = Xi{h) *ii{(j)),i = 1, 2. 

In our case, let 

be the representatives in C/j = ^[/^(/j, Hj), i = 1,2. Then g'^{y^) G Hj,i = 1,2. 
Here we have used y^ to denote the collection of all those y's in S(„. through 
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the gluing, which are originally in and are used to stabilize the unstable 
components of S*. 
Now define 

Vi = {9 = 9{u,v) \\9{u,v) - 9{u,v)\\ < ^i^9(u,v) e tJi\ 

and fi = {0, I e r^, .9* * (/) = 

It is easy to sec that when 5i << ei,i — 1,2, {T^i)j^ '■ Vi/Ti J-B{A) is an 
embedding onto some open neighborhood Vi ^ t/i fl t/2- We may assume that 
Vi =V2 = W. Therefore we get two uniformizer (1^, Fj) of W. Clearly the inclu- 
sion map {Vi,Ti) {Ui,Ti) gives rise to an injectivc (F^, ri)-cquivariant map. 
The theorem is valid if we can prove that (Vi, Fi) and (V2, are equivalent as 
uniformizers. Now choose a forgetting marking process for E^^. deleting out 
all extra markings in j/' needed to make S^^. ^.^ stable. Let y* be the remaining 
markings in E'^,^ and H* be the corresponding collection of local hypersur- 

faccs. Form JF[/^. (g*, H*) and denote them by Wi, where is same as as a 
map but its domain has on extra marking anymore. One can directly check tha 
there is an equivariant embeding of Wi into an open subset of Vi . Now since ^' 
has no extra markings after the forgetting marking process and {gi) = (^2), we 
can easily construct an equivariant equivalence of Wi and W2 ■ 

□ 

• Local T^^ -action on JFt/f (/,H). 

Let D be an intersection pattern with Np principal components. Wc now 
define a local (5^)^^-action on !FU['{f; H). We will call such an action a (local) 
toric T^--action. Given g G J-C/f (/; H), let g = Ut'ii^f Ufe <?,^J, where 5,^^ 
are the bubble components lying above gf. For any 

= (0i,---,</'A^p) e (5^)"^", 

with |(/)| small, we will define g * (p hy defining the action (pi on gf Uk gfj., i = 
1, • ■ • , Np. For this purpose we only need to know how to define the action for 
(j) e S^, with 101 small, on a stable map g € TU^{f;'H) in the following two 
simplest cases: 
(i)5 = 3^U5^. 

Let S = Eg = {P,lp,dp) U (B, Hi, 1/2, cIb), where 2/1,1/2 a-rc marked points 
added for stabilizing B and dp = ds is the double point of S. Note that 
g'^iVi) e Hi,i = 1,2. Choose an identification (P;Zp) ^ (R^ x S^,{e = 0}) so 
that, under such an identification, of rotation of 0-angle of P is well-defined. 
Now the domain 

E"^ = Sg,^ = (P; Ip, R^\dp)) U(B; yi, 1/2, ds) 
with double point RT^{dp) = ds- 
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Let /0 : S"^ ^ S be given by : P ^ P a.nd Id : B ^ B. Note that 
does not preserve the marked lines Ip. We define g * (j) = g o I^. 
(ii) g = g^ and the domain of g has only one unstable principal component 
S = {P;lp,y),y G Ip and g{y) G H. Consider glp^i^ip) : R4,{lp) V. When 
\^\,e are small enough. There is a unique € Is{R^{y)) for some given S > 
such that g{y^) G H. Let be the s-translation sending R^{y) to y^. We define 
g*(f) : {P; Ip, y) ^ V given by ,g * </> = ,g o o i?^. 

We summarize the properties of the T^^-action in the next lemma. 

Lemma 3.6 For any intersection pattern D of Np principal components, there 
exists a local T^^ -action on J^U^{f;'R), which is smooth in the variable of 
J-U^ {f;li) and C'' -smooth in the variable of T^'' , where I = [k — Let 

J^C/^(/;H) be the union of allJ^U'^^{f;li) with Di < D. Then the toric T^"- 
action has a continuous extension to .F£/^(/;H). The action is free , when all 
ff,i = l,---,Np, is 9-dependent. Moreover, the action ofTf commutes with 
the local toric action. 

Proof: 

We only need to prove the statement concerning free action. It follows from 

our assumption that when |m| is small, each principal component of f(u,o) contain 
at least one point such that f(u,o) is a local embedding near that point. When e 
is small enough, so does for any 

gGTU'^ifiH). 

The desired conclusion follows from this. 

□ 

It follows from this theorem that there is always an S'-^-action on J^U^{f; H) 
via the diagonal map from 5^ to T^''. There is an obvious way to extend the 
S^-action to J^Lf^{f;H.), as we did for extending the r/-action. Since we will 
describe a similar process in next section, we refer readers to there for this. 

• Orbifold bundle {C,W). 

This is an infinite dimensional bundle C over J^B{A) defined as follows. 

For any (/) G J^B{A), we define 

A/>= U 'CL,(A°'i(rry))/^, 

/£(/> 

where the equivalence relation ~ is defined via pull-back of the sections induced 
from the identification of the domains. 

Over W ^ J^B{A), £ has an orbifold bundle structure. In fact, over each 
uniformizer Ui = J^U^-{fi;H.i), there is a bundle Li — > Ui, which form a uni- 
formizer oi iC\ui with covering group Fj. For any g G Ui, we define 

(A)(s)=iLi(A°'^(5*TF)). 
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The action of Fj on Ui lifts to £i via pull-back. Similarly the local T^^-action 
on LfP also lifts to Cf in the same way. 

The topology and smooth structure of (£, W) can be described as follows. 

Fix a gluing parameter {u,v), we use !FU'f'^\f] H) to denote 

{9 = 9(u,v) I \\9{u,v) - f{u,v)\\ < e, giy) G H}. 

Let be the restriction of C to J^U^'''''\f; H). Then has a local trivi- 

alization over J^Ue^'^\f; H) induced from a J-invariant parallel transformation 
of {V,J) (see for example, [M] and [Fl]). This bundle structure for gives 
rise to a smooth structure for . 

To define topology for Cw, it is sufficient to define it for C ^ U as wc did 
for J^B{A). Given ^ G {^)g,g € U, we define ^(u,v) G for small IKw,!!)!! 

as follows. 

Without loss of generality, wo may assume that g has only two components 
{T,i,di),i = 1,2, with only one double point d = d\ = d2- Then we define 
^(m,o) = C(o,o) = Let Ds{di) = {wi \ \w\ < S} be the 5-disc of Sj centered 
at di with complex coordinate Wi. We use {si,9i) to denote the corresponding 
cylindrical coordinate. Choose a cut-off function 

Note that over Ds{d), g(u,v){s, ^) = g{u,o){s, 0) if s < — log \v\ — 2. We define 

^{u,v){s, 0) = Pisi + log \V\) ■ C('„,0)(S1, ^1) + (1 - P{S1 + log b|))^(l,0)(S2, ^2). 

We now define an e-neighborhood of ^ in £ by first define 

for each fixed Then for each {u.v), using the parallel transformation to 

move Ue"'"\^) to the fiber of over with — g(u,v)\\ < We 

use C^f (^) to denote the collection of all images of under the parallel 

transformation. The collection of all Ue{S,) form a base of a topology on £ ^ C7. 

Given the Hamiltonian fmiction H, we can define a section s\j : Ui ^ Ci for 
the bundle Ci as follows. For / = fj" U we define s^(/)|b^ = and 

4(/)|p, = ViJ o // - JVH o //d^. 

9j-operator also induces an obvious section on Ci Ui by sending g G Ui to 
djg = dg + J o dg o i. We use dj jj to denote Bj + s^^j. 

We summarize what we have achieved this far in the following theorem. 
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Theorem 3.5 There is a (stratified) orbifold bundle C over an open neighbor- 
hood W of TM{J,H,A) in J-B{A). The orbifold structure on is compatible 
with the local T^'' -action. The Hamiltonian function H induces a Ti-equivariant 
continuous section Bjjj of {Ci, Ui), which is smooth over each Moreover 
when restricted to {CfjUf), By jj is local T^'' -equivariant. 

4 T^^-equivariant obstruction sheaf (local the- 
ory) 

In this section, we will construct an obstruction sheaf TZj over a -invariant 
uniformizer TU^if^; H of W, where TUeif^^H- is the 'completion' of !FUe{f; H 
so that the local action can be extended into a global one. The space 

Kf = T{iZf) of the sections of TZf is a subspace of r(£, TUeif^] H)). Our goal 
in this section is to prove Theorem [4.l| , which claims that each element of if/, 
when restricted to !FU['{f'^; H) is (T)^" -invariant, where Njj is the number of 
principal components of D. 

Most of this section will be devoted to construct directly the section space 
Kf. Our results here can be expressed as a solution to an abstract extension 
problem. 

For any / G (/) e TM{J,H,A), let {C, TUeif;!!)) be a local uniformizer 
with a local T^^ -action on each [C^ , TU ^ [f . Fix a finite dimensional 
subspace K Cf ^ ^°'^{f*T{V))} with the following properties 

(i) there exists a 5 > such that for any element rj € K,rjD^ = v\ds =0; where 
Ds is the union of all (5-discs centered at double points of E/; 

(ii) for any r/ ^ K, ri\p. = if ff is a ^-independent principal component. 
The main question that we want to answer in this section is whether it is 

possible to extend each element r/ ^ K into a local section fj of the bundle 
C — > !FU['{f; H) near / in such a way that 

(a) fj is (locally) T^^-equivariant; 

(b) f] is smooth on H) for any fixed {u,v); 

(c) fj is continuous. 

One can also formulate the same question for TUeif^; H with action. 

There is a very simple way to extend elements in K Cj locally. The 
vanishing property rjjy^ =0 for any rj ^ K implies that rj can be extended over 
the local deformation for small in an obvious way. We then 

use parallel transformation to extend it to (/; H), for fixed Let 

rj'^ be the resulting extension of t]. We will call it the canonical extension of 
rj. In general r]"^ may not be T^^-equi variant. One may try to use the usual 
averaging process to make 77*^ into a -equivariant section. However there 
are two obvious difficulties that make it impossible to directly use this usual 
averaging process. First of all our T^^-action is only locally defined. Secondly, 
even in the case that the usual averaging process is applicable to rj^ , the resulting 
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T^™-equi variant section may not be equal to 77 at /. In fact it may happen that 
it is even not close to 77 at /. In this case , the transversality argument needed 
for gluing may fail. 

To see the nature of difficulties better, we give a different description of 

•^^e(/;H). 

Wc define a new uniformizcr TU^{f: H). If there is no unstable ^-dependent 
principal component of /, ^?7e(/;H) is just J^tJeif '■ H). Otherwise, we may 
assume that ff,i = l,---,Np are the ^-independent unstable principal com- 
ponents and m = Np + 1, • • • , Np are the ^-dependent imstablc principal 
components. Then for each such ^-dependent principal component there 
exists a local hypersurface Hm at /^((0,0)) of codimension two transversal to 

at (0,0). Now for each such unstable component Pm, wc will also allow y™, 
the marking used for stabilizing Pm, to vary in {s = 0}. This will introduce 
a new real parameter 6rn for the local deformation of / and S/. It describes 
the ^-coordinate for y„i- Let u be the collection of the parameters in u together 
with Om's- We now define the local deformation = / o i?^, where Rn is the 
rotation which brings 6m to (0,0) on each Pm- 

Let D = Df. We set 

:ft^f(/,H) = 

{9 = QuAhu - fu\\k,p < e,g[{yi) G Hi,5^(y„) G Um,gf{yj) G H^}. 

We can define TJJeif,^) similarly by using the local deformation f(u^v), 
where f{u^v) is obtained from fu by the gluing with gluing parameter v. 

We now define the corresponding T^^ -action. We start with the action on 
J^U^if, H). Clearly, we only need to define 5^ * <!>, for g G J^U^{f, H) and ^ G 
S*^ . The domain of 5^ * </> is {Pm , Im , ^ (ym ) ) , and wc define gm* (t> = 9m° R't'- 

Wc now extend the induced 5^-action to TUe{f,li). Given g = g{^u,v) and 
e 5*^, we define the (?!i-rotation of the principal components, still denoted as 

R0 ■■ {^{u,v);yi,R^^{ym),yj) (S(i,„);i?0(?/,),?A„,iy|), 

which is a rotation of arg (j) on each principal component with respect to marked 
line there and is identity on each bubble component. Consider goR^. There are 
unique y[ G Is{yi),y'm G D5{R-^{ym)) and yf G Ds{y^j) such that g o R^{y[) G 
Hi, go R^{y'^) G H„i and g o R^[yj) G H^. Then there is a unique new 
parameter {u',v') such that 

i'^iu', v'y,yi,R^^{ym),yj) = (S(ii,^),2/-,y^,y|') 

under the identification map ijj '■ ^{u',v') ~* ^{u,v)- W'e define g*4' = goR^oip. 

We remark that one can use a similar construction to extend the local S^- 
action on J^U^ {f,H.) defined in previous section to TUc{f,li). 
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Now observe that the action above is well-defined for all (f) G , not just 
locally for |^| small. This suggests us to enlarge T"U^{f,'H) so that T-'^^-action 
can be defined globally. For this purpose, we fix a large integer M. For each 
element / = (ii , • • • , ijvp ) e (Z/MZ)^^' , set 

(/>/ = , • • • , 4>iNp ) 

where = define // and TU^{fi^'H.) as follows. // is same as 

/ when restricted to any stable principal components or bubble components. 
When restricted to unstable principal component Pm, the domain of // is 

{Pm, Im, R^l {ym))- Notc that hcrc the marked point R^^ {ym) used for stabi- 
lizing Pm for // lies on i?^^ {Im)- We define // to be / o Ri^^^^ on Pm- Now we 

can define TUe{fi, H) and local T^^-action on it by the very same formula as 
we did for J^U,{f, H). 

Now form the disjoint union 

]J.Ft^e(//,H),7e(Z/MZ)^-. 

We introduce an equivalence relation between the elements in TUe{fi,'H.) and 
elements in its neighbors. A typical neighbor has a form J^U^{fj,H.) with all 
jk = ik,k ^ I and ji = ii + 1 for some 1 < Z < Np. Without loss of generality, 
we may assume that I = 1, / = J = {i + 1,1). Given such / and J there 

is a coordinate change Tj^j from TUc{fi, H) to J^Uc{fj, H) as follows. For any 
g e TUP{fi, n), D = Df, we define Ti^j{g) = g along all stable principal com- 
ponents, bubble components and those unstable principal components .1 > 1. 
Now consider the unstable principal component . Since gi{R^^{yi)) G Hi, 
there exists a unique y'^j^i lying on -R^.^^l^i) and near -^^.^^(yi) such that 
9\{yi+i) € Hi, when g is close enough to the local deformation of // and M 
is large enough. Let be the s-translation for Pi that brings i?^^^^(r/i) to 
y'i+i- We define T/^j along g^ to be o T^. One can easily extend T/^j from 
fixed intersection pattern D to the general case by using a similar process of 
extending Fj-action before. 

Let J^Uf{f'^; H) denote the above disjoint union quotienting out the equiva- 
lence relation introduced by these T/^j's. 

Lemma 4.1 ^[/^(f^;!!) is a ( stratified ) Banach manifold. The local T^^- 
action on J^Ue{fi;Jl) are compatible with the "coordinate changing" maps Tj^j, 
I,Je (Z/MZ)^^. This defines a local T'^^ -action on J^ij^{f'';'R) , which can 
he extended into a (global ) T^'' -action. 

Proof: 

One can directly check that the local T^^-action on each coordinate chart 
•?^t^e(/7;H) is preserved under coordinate changes Ti^j. The usual process to 
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complete a local action to a global one for a compact Lie group is applicable 
here, which yields a well-defined T^^-action. 

□ 

Lemma 4.2 There is a T^^ -equivariant equivalence map 
p:m(r;H)^^i7e(/;H). 

Proof: 

We only need to define 

p^:^C/f(r;H)^^[/f(/;H) 

with D = Df. The extension from to p is a routine procedure. We omit it 
here. 

Without loss of generality, we may assume that / contains some unsta- 
ble principal component m < Np, which is ^-dependent. Given g G 
J^Ue{f^; H), we may assume that g G J^Uf{f; H) = J^lJ^{fo; H). Clearly, we only 
need to define along those imstablc principal component g^. There exists a 
unique point y'^ near ym in the domain such that gmiVm) ^ ^ Hm- 

We define the domain of the m-th unstable principal component of p{g) to be 
{Pm, Irn, Vrn) , whcrc has Same ^-coordinate as y!^ has and lies on th central 
circle {s = 0}. Now we define 

= 9^ o Tr^ : (P„, y„) ^ V, 

where Tr™ is the ,s-translation of Pm that brings y„i to One can directly 
check that the above definition of p, which is given by using particular coordinate 
of J^tJe{f^;Jl) is actually compatible with coordinate changing maps Tj^j. A 
direct calculation shows that p is one-to-one and commutes with the T-'^^-actions 
defined on the corresponding spaces. 

□ 

Because of this lemma, we may use !FU^{f; H) to replace J^lJe{f^; H) for our 
problem of finding a T^^-equivariant extension of K. 

Theorem 4.1 There exists an extension of K over J^lJi{f^;'R) , which has the 
property described at the beginning of this section. 

Proof: 

We only need to prove the corresponding statement for J-Ue{f;Ji). The 
following two cases arc to be considered. 

(i) All unstable principal components are 0-dependent; (ii) some of the 
unstable principal components are ^-independent. 

Case (i): Recall that in this case there is another kind of local deformation 
/(a,t)- The domain ^(a,i) of /(a,t) obtained from S = S^, with the gluing 
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parameter (a, t), where a is the first component of w = (a, 9) and i is obtained 
from V = (t, r) by adding a rotational component to r (see Section 2.1 ). f(^ce,i) 
is obtained from /(a,o) through a similar gluing process to the previous one with 

the ghiing parameter t. We define 

gUe{f;'H.) = {g = I - /(a,t)| < e,5(yi) G e 

There is an obvious projection map 

given by simply forgetting the marked lines of the elements of J-'Ug{f; H). Let 
and be the corresponding bundles over the above two spaces. Clearly, 
{pf)*{C^) = C^. Wc may identify K ^ r{Cf) with a subspace of T{Cj). Let 
K' be the corresponding subspace. Suppose that diraK = k and {ei, • • • , e/c} 
is a basis for K. Let e-, i = 1, ■ • • , fc be the corresponding elements in K' with 

Since each vanishes near all double points of /, we can easily get a canon- 
ical extension {e\Y of a section of the bundle over QU^{f;'H) as we did for 
stable maps with .F-curves as domains described before in this section. We 
define Cj =pJ((e-)'=). 

Now for any (j) e T^J'(s) and g G TUe{f\ H), pf{g * (^) = pf{g). This implies 
that gj, i = 1, • ■ • , fc, has the required invariant property. 

Case (ii): 

We may assume in this case that ff,i= be the 0- independent un- 

stable principal components and f^,m = Np -|- 1, ■ • • , Np be the other unstable 
principal components. Note that in this case Np < Np. 

We now define a local deformation of /, which is a mixture of those de- 
formations as stable .F-maps and stable ^-maps. The idea is to deform the 
^-independent part of unstable principal components as stable .7^-maps and the 
rest as stable ^-maps. When the topological type is fixed, the domain of such 
a deformation is described by the parameter a appeared in the corresponding 
deformation as stable C/-maps, since in this case all those markings y,m of Pm, 
m < Np, are fixed. The gluing parameters that control the topological type of 
the deformation can be described as follows. 

On .7^-curve part and ^-curvc part of E j , we use the usual gluing parameter 
respectively. That is we associate the gluing parameter r = (t2, • • • , Tjv^) to the 
ends -22, • • • ) Zj^i and i to those double points and "ends" in ^-curve part. Now 
the key point is to associate the "ends" -Zjvi+i, the double point that divides S/ 
into the two parts, with a complex gluing parameter w. We will use t' to denote 
{T,w,i). Set a' = a. We have the deformation of E. The deformation 

of /(a',0) and f^^'fi) ^^n be defined in a similar way as before. 
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We now define 
Wi/,(/;H) = |ff(„,,,-,) 

where yi G Pj of a ^-independent unstabl principal component, ym G Pm of a 
^-dependent unstabl principal componen and y'j G B| of an unstable bubble 
component. 

Fix an intersection pattern D. We have the following two cases: 

(a) the gluing parameter w determined by D is zero. 

In this case, we may assume that each element g in the strata has Np{Dx) 
those principal components, whose domains are obtained from the domains of 0- 
independcnt unstable principal components of f through gluing. Let Np{D2) be 
the number of the other principal components of g. We decompose TU^{f; H) 
as the product, 

where the first factor contains those gf ^1 < i < Np(Di) and the second contains 
all the other components of g. Similarly, we can decompose HU[^{f; H) as the 
product, ?^C/fi(/;H) x WC/f^(/;H). Let : J^U,^{f;il) ^ ^[/f'(/;H),z = 
1, 2, be the projection. Then we define 

pf{9) = {Pi{9),pf'P2{9)), 

where 

: :rc/f = (/; H) ^ WC/f ^ (/; H) 

is defined as in case (i). Clearly commutes with the T^^^^^^-action on the 
second factor. 

(b) w 7^ 0. In this case, we need to add one more factor J^JJ^^{f; H) to the above 
decomposition of J-U['{f; H) , which corresponds to the principal component of 
g "passing through" w together with all bubbles lying on this component. Let 
'HU^*{f;'H),i = 1,2,3, be the corresponding decomposition of HUPif'.li) . 
We define pi,i = 1,2,3 similarly. Now one can directly verify that IFU^'^ (/; H) 
and 'HUP^{f;tl) are homeomorphic to each other( in the case w ^ 0) and 
diffeomorphic when restricted to subspace with fixed deformation type. Let 

pf' : JPf/f H/; H) ^ nU^^if; H) 
be the corresponding homeomorphism. We define 

pfi9) = iPii9),pf'-P2{g),pf'{P3{g))). 

Again p^ commutes with the T^^^^^^ -action, where Np{D2) is the number of 

principal components in J^U^^ (/; H). One can prove that all these 's, pasted 
together, define a continuous map 

Pj:;^f7,(/;H)^Wt^,(/;H), 
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which is smooth when restricted to each subspace of fixed deformation type. 

Now as in case (i), we can easily get a canonical extension e^, i — 1, • • • , fc, 
of where is a section of the bundle over HlJeif', H). Wc then consider 
bi = p*^{e'i) of the corresponding section of £^ over J^[/e(/;H). Unhke the 
case (i), in this case, hi does not have the required invariant property. In fact, 
given g G TUeifiti), if D = Dg is in the case (a) above, then bi is already 
T^^^^^-invariant and we simply define ef — bf over J^f/^^(/;H), since in this 
case, commutes with the T^^'^^'-action acting on jF[7g^^(/;H) and bi can 

be chosen to be zero along those elements of TU^^ (/; H) by our assumption on 
K. In the case that D is in case (b), bf so defined only has T^^'(^i)+^^'(^2)- 
invariant. There is an extra S'^-action coming from the "rotations" of elements 
of TU^^if- H). Given g G J^J/f (/; H) and G S'\ we use 

:^{/f(/;H)^.FC/f(/;H) 

to denote this action for fixed G 5^. We define 

= i L 

It follows from the definition that ef is T^^^-^^-invariant. One can directly 
verify that ef is compatible to each other when D varies and hence gives rise 
to a well-defined continuous extension of with all the required properties 
of the theorem. 

We note that in the case (ii) above, we have assumed that the first Np 
principal components of / are unstable and ^-independent. This assumption 
simplifies the way of choosing gluing parameter t' of and other related 

constructions. The general case can be treated in a similar manner, but with 
more complicated notations. 

Now let K = span{ei, • • • , Cfc}. 

□ 



Lemma 4.3 When p is even, there exists a T^'' -invariant continuous cut-off 
function [3 on J-Uf^{f'^]^) with < I3{g) < 1 such that j3{g) ~ 1 in a neigh- 
borhood of the T^^ -orbit of f and /3 — near the boundary of H). 
Moreover, f3 is smooth on J-'Uc"'^\f'^;'H.). 

Proof: 

Consider 

Pf:TU,if;il)^nU,if;-k) 



in Theorem 4.1. Suppose that we can construct a continuous cut-off function 
/3i : 7^f/e(/;H) [0,1] such that /3i = 1 in a neighborhood of Pf{f) and 
(3 = near the boundary of TLUe{f',^)- Repeating the process of finding Ci 
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with the required smoothness in previous Theorem, we set Pi — p/(/3i) and 
pD ^ i_ j (^A^)*0D)d(j}. As before, wih be pasted together to get a T^^- 
invariant cut-ofF function /3 with the desired property. To construct (3i , we note 
that when p is even, the function p^^ — \\h — g||^ p is a smooth function on 

J^ije"'^\f;Ii). Using this we can easily construct the desired /3i. 

□ 



Corollary 4.1 In Theorem ^.1, we may choose K in such a way that all its 



elements vanish near the boundary of J-U^{f'^;tl). 

5 Transversality and Gluing 

In this section we will establish the transversality of perturbed 9j^//^!y-operation 
over a T^^-invariant uniformizer J-Ue{f^',H), where the perturbation term ly 
is a generic element of K. Therefore djj^ is a T^^-equivariant transversal 
section of C Its zero set TAi^^f^) is a cornered smooth manifold of dimension 
Ind{c+) — Ind{c^) + 2ci{A) + 1, with a T^^-action acting on it. 

Our method in this section is an adaption of the method in [LiuTl] ( see also 
[LI]). In this section often we will only quote results in [LiuTl] and indicate 
necessary changes to incorporate the -action here. We refer reader for the 
detailed proof in [LiuTl]. 

5.1 Transversality 

We start with giving a local coordinate charts for jF[/e(/;H) near / and local 
trivialization of C over those coordinate charts. 

Let yi e Pi and yj^ £ 1 < fc < 2, be the marked points added to for 

stabilizing it, and and H*^ be the local hypcrsurfaces at ff{yi) and ffiyj) 
used before for slicing. 

For each and H*^, let hi = Tj(j^.-)Hi, hj = T^f^ykjil'-. We may assume 

that both Hi and are totally geodesic so that they are the local images of 
hi and h'j under the exponential map. 
We define 

Ll{f*TV,h) - {e, le e LUrrv), ay,) e h,,ay') e h';}, 

where the values of ^ from different components are the same at double points. 
Similarly, we define Ll{f*^^^^TV,h). 
Let 

Vj-'^^ = Uie G if.(/(„,„)Tl/;/i); Uh.p < e}, 
andV; = UiK^^^^ii^^jFi"'"-', whichisa "bundle" overA^ = {{u,v) \ \\{u,v)\\ <S}. 
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The coordinate chart 

Expf'""^ : v;("''') ^;rt/i"''')(/;H) 

for :rf/i"'")(/; H) is given by ^ ^ Expf^^^^^^. 

The "coordinate chart" for J^U^{f; H) is given by 

Expf= U : K = IJ F^"'") ^ ;^f/,(/; H) = \J TU^^'^\f 

We already defined triviahzation of over J^Ue"'^\f;ll) by using the 

parallel transformation. Let 

^{u,v) . jTuMf^f.-^-^ X ife-i(^°''(/(«,«)^^)) ^ ■^^"'"^ 

denote the triviahzation here. Then 

gives rise to a triviahzation of in terms of above coordinate chart. 

Let7 = U(„,„)£A,7^"'^^- Then 

7 : U^^"'"^ X LLi(A"'i(/(;,„)TF)) - £ 

is a local "triviahzation" of £. 

Now under these local coordinate chart and local triviahzation, the dj^n- 
section of £ becomes: 

Flu,.) = o (7("'^))-^ o -dj,„ o Expf''^ : Fi"'") Cl_M''\fl^^,)TV)). 

Let = U(„,.)6A, Flu,vy Note that F^^^^ is smooth. Let 

= {DFI,.))h.,., ■■ Ll{f^,^,^TV;h) - iLi(A°''(/(„,.)ry)). 

Lemma 5.1 Under our assumption that all critical points Ci of H are non- 
degenerate in the sense of Floer homology, L^^ is a Fredholm operator. 

In general we don't expect that L^^ is surjective, even for a generic choice 
of (J, H). Failure of the transvcrsality by only perturbing the parameter (J, H) 
has been considered as a major difhculty in Floer homology and quantum coho- 
mology. As wc mentioned in the introduction of this paper, this difficulty had 
been overcome through the work [FO], [LiT] and [LiuTl]. Following the method 
we developed in [LiuTl], we define K = Kf = cokerL^^Q then 

Ljo^o) ® E : mf*TV; h) ® K ^ Ll_,{f*TV)) 
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is surjective, where E is the inclusion. We can actually choose a modified 
K, still denoted as K, such that LJq (B E is surjective and that K has the 
property described in the beginning of last section. As in there we extend K to 
K, whose elements are T^^-invariant section of £ over ^C4(/'^;H). Consider 
^ as a "bundle " over J^lJ^{f^;'H.) with bundle projection tt^. Now we define 
dffj : K ^ C given by 

In terms of above local coordinate chart and local trivialization, each element 
i> & K gives rise to a map : 

U '^I-M^'^UmTV)) 

and Bffj becomes a function F — U(u.v)eAsF{u,v), with 

Fiu,v) = Fl^^,) © E : yi'''") >C^_i(A°'^(/(;,,)TF)) 

given by i^) ^ F^^^^-^ + v{C). Clearly, (DF(„_^))(o,o) = J^(„_„) + where 
Eiu,.) : K ^ iLi(AO-i(/(; „)TF)) is given by e ^ e|/^„,„, . Let L(„,,) = Lj^^ . + 
E(u,v)- We know that i(o,o) is surjective. We want to prove that when S is 
small enough, for any {u,v) S A^, L(„^„) is also surjective. In fact in order to 
do the gluing, we need somewhat more. We need to prove that when v)\\ is 
small enough, has a uniformly right inverse with respect to some suitable 

exponential weighted norm on the domain and range of We will only 

consider the following simplest case for defining these norms, since this case 
already contains essential points of general case. 

We assume that / = /'^ U of two components with (P, c?i) U (i?,c?2) of 
double points di = d2- Let Zi, Z2 be the ends of P and 2/1,2/2 be the marked points 
ofB. Identify with X 5^ = {{si,6i)},i = 1, 2 with corresponding to 

Si = +00. Those local deformations of / coming from only moving double point d 
along the central circle of P do not play any role in the following definitions. For 
the reason of simplicity, we omit them here. Therefore the local deformation / 
can be described by a single complex parameter t € Ds. Given ^ e L^{f^TV; h), 
we define = J^^ (ilctdO, where ct = {si = — log \t\} is the central circle of S/^.. 

Note that when Sj > — log \t\ — l, both /^(si, 6*1] and f^{s2, O2) are just f{dj. 
Hence the above definition of makes sense and e Tj(rf)V'. We may think 
as a vector field along ft with Si > — log j^ol for some fixed to- Alultiplc with 
a fixed cut-off function in Et, we extend to an element € Vf.{ftTV, h). Let 

e = ^-e- 

Now for i e Ll{f:TV,h), n e £Li(AO^i(/;rt/)), we define ||CI|fc,p;p = 
||e''''C^|U,p + and \\ri\\k-i,p;^i = ||e''''?7||fe_i,p, where < /x < 27r is fixed 
and l^*^! = |^°| is the Euclidean norm of G ^/(d)^- For any element (^, e) G 
Ll{f^u,v)TV,h) © K, we define ||(C, e)|U,p;^ = + |e|. 
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It is proved in [LiuTl] that 

Proposition 5.1 When \\{u,v)\\ is small enough, under these jj,- exponential 
weighted norms 

Liu,v) ■■ m^TV, h)®K^ iLi(A°'^(/(„,„)Tt/)) 

has a uniform right inverse G(^u,v) in the sense that there exists a constant Ci = 
Ci(/), only depends on f = /(o,o) such that for any rj G (A°'^ TF)) 

\\G(u,v){'n)\\k,p;n < Ci\\r]\\k-l,p;i^- 

Corollary 5.1 is surjective when is small. 

We will use Ll Jfl^^,^TV,h) and Ll_, jA'''\f^^^^^TV)) to denote the cor- 
responding spaces equipped with the /^-exponential weighted norms. 

5.2 Gluing 

Now a direct computation shows that the local deformation f(^u.v) is an asymp- 
totic solution of Bj^Hg = when / is a stable (J, if)-map. More precisely, we 
have 

Lemma 5.2 

lim \\^J^Hf(u,v)\\k-l,p■,^l = 0. 

To do gluing, we also need an estimate on the second order term Q(u,v) in 
the Taylor expansion of F(^u,v) '■ 

Fi"''') C Ll,{fl^^,)TV,h) - iLi,^(A°'i(/(;,,)TF)), 

where Q(^u,v) is defined by 

Lemma 5.3 There exists a constant C2 = C'2(/) only depending on f such that 
for any ^(„,„), r]^u,v) e Ll^^{f*^ ,^^TV,h), 

{i) \\Q{^{u,v))\\k-l,p;i^ < C'2||^(«,,;)||oo||^|U,p;,i; 

\\Q{Uu,v)) - QiV{u,v))\\k-l,p■,^l 

< C2{\\^(u,v)\\k,p;iJ. + \\'n{u,v)\\k,p;iJ.)U{u,v) - Vi 
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Proof: 

The corresponding statement was proved in [Fl] when k = 1, and 1 — | > 0. 
The general case here follows from that by a direct induction argument. □ 

Lemma 5.4 (Picard method) Assume that a smooth map F : X ^ Y from 
Banach spaces {X, \\ ■ ||) toY has a Taylor expansion 

F{0 = F{0) + DFm + Q{0 
such that DF{0) has a finite dimensional kernel and a right inverse G satisfying 

\\GQ{o-GQm<cm\ + Mm-v\\ 

for some constant C. Let 6i = If \\GoF{0)\\ < ^, then the zero set of f in 
= {C, I IICII < Si} is a smooth manifold of dimension equal to the dimension 
ofkerDF{0). In fact, if 

Ks,=mGkerDF{0), UW < Si} 

and K-^ = G{Y), then there exists a smooth function 

such that F{^ + (^(^)) = and all zeros of f in Bs^ are of the form ^ + 

The proof of this Lemma is an elementary application of Banach's fixed point 
theorem (see [Fl]). Now we apply the Picard method above to our case with 

X = Fi;-") e ^ Lljfi^^^^TV, h) e k, 

y = LUJ^''\f^u,v)TV)), andF = 

We have 

Theorem 5.1 When e is small enough, the solution set ^-M^^lj^'^^f) of the 

equation ^"(t(,i,) — in V}^'^^ x K^^ is a smooth manifold of dimension Ind{c^) — 
Ind{c-) + 2c\{A) + 1 + r — 2na — 2nt — ne — Ut, where r = dim JsT and Ua^ut, ng 
and Ur are the numbers of zero components in a, 6, t andr respectively. Here u = 
{a,d),v = (t, r). Moreover DF(^u,v) is surjective along the zero set T }A^'^^'^\f) . 

Note that the last statement follows from the fact that F(^u,v) induces a local 
differentiable embedding: 

e TT^v : v^y^ iLi,^(A°'^(/(„,.)Ty)) © n(-^^\ 

where N'-^'-"^ = N is the kernel of i(„,t,) and ttat is the projection with respect 
to the orthogonal decomposition Ll^^{f^^^^-^TV, h)®K = N®N^. Here the L^. 
inner product in the above decomposition is defined in terms of the "standard 
metric" on induced from S(o,o) through gluing. 
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The exponential weight ^-norm and the usual (fc, p)-norni on LF^. ^ (/^*^ vy^^^ ^) 
are not uniformly equivalent with respect to {u,v). However, it is proved in 
[LiuTl] that 

Theorem 5.2 When e' << e, the solution set {i^(ti,«)(0 = 0} in vj"'"^ x K^^i 
is contained in J-'A4f'^fj"'^\f). 

In other words, as far as the solution set are concerned, the exponential weight 
/x-norm and the usual (/c,p)-norm are equivalent. 
Because of this, we can reformulate Theorem |5.l| . 

Theorem 5.3 The solution set Jf'A^f '^"'''^(/) m vi"'"^ x K, is a smooth man- 
ifold o/dim/nc?(c+) — Ind{c^) + 2ci{A) + 1 + r — 2{na + nt) — {ng + rir). 

Let A^i"'"^ be the e-baU in iV^"'") centered at origin. Let N, = U(„,„)gA,ivi"'"^ ^ 

A, X N^°'°\ There is a diffeomorphism of T^"'^) : N^""'"^ TM^^'''''\f) as de- 
scribed in Picard method. 
Let 

(M,t))GAa («,t;)6Aa 

be the induced ( continuous ) identification. We give J-AAf{f) the (cornered) 
smooth structure of induced from T . 

Theorem 5.4 J-A4^{f) is a cornered smooth manifold of dimension I nd{c+)~ 
ind{c-) + 2ci{A) + r + 1. The smooth structure of TM.^ {f) is induced from 
J-M.f''^{f) X under the gluing map T. 

We now come to a T^J' -invariant version of above theorem. 
Let J^f/e(/'^,H) be a T^^-invariant uniformizer near /. Then 

m(r , H) = y (//, H), / e (z/A/z)^-(^^), 

where M is a fixed large integer. Note that the T^^-orbit of / is contained in 
J^[7e(/'^, H). In particular, for each /, there exists a 0/ G T^^ such that // = 
f*4>i. Now assume that we have chosen a T-'^^-equivariant extension K oi K over 
J^Ue{f^,YL)- By exploring the naturality of all relevent construction, it is easy 
to see that if /^-perturbed operator djf^ is a transversal section in TlJeo (/, H) 
for some sufficiently small cq, so is it on all TUdfi, H), / G (Z/MZ)^^ for e/ 
small enough. Because of the compactness of the Tp -orbit of /, we may choose 
M to be large enough so that IJ^ J-U^j {fi, H) already covers the orbit of /. We 
will still use J?^[/e(/^,H) to denote this union. Now we have 
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Theorem 5.5 When M is large enough and e is small enough, the perturbed 
dfff -operator is a transversal T'^^ -equivariant section of C over !FUe{f^ ,11) x 

K^. The solution set ^A^f (/'') of df^S, ^ is a cornered smooth manifold of 
dimension Ind{c^) — Ind{c^) + 2ci{A) + r + 1. The cornered smooth structure 
of !FM.f {f^) is obtained from the corresponding (cornered) smooth structure of 
J^Ai^'^^ (f) X under the gluing map T. 

For any i/ G K^, let J^M^^if") = tt^^i^), where ttz : J^^t/,(/%H) x ^ is 
the projection. We have 

Theorem 5.6 For a generic choice of v G Kf, J-Ad^ ^f^) is a (cornered) smooth 
manifold of dimension Ind{c+) — Ind{c-) + 2ci{A) + 1. There is a continuous 
T^'' -action on J^M^{f^), which is smooth on each of its strata. 

6 T^^-invariant Virtual Moduli Cycles 

In this section, we will globalize these T^^-invariant local moduli spaces TM^e' (/^) 
to get a T''^^ -invariant virtual moduli cycles. 

Note that we may cover the moduli space !FM.{J, H, A) by using 

\Jj^U,,{f-;lif),{f) eJ^M{J,H,A), 
if) 

where 

^C/,,(r,H/)=7r/(.Fi/,,(r,H/)) 

is the TT^-imagc of the T^^ -invariant uniformizer TU^^ (/^ H). We may assume 
that there exist finite many /^'s, say, i = 1, • • • , g, such that (i) Ui<i<g Ut'^ Hj) 

already cover !FAi{J, H, A); (ii) perturbed S^j^-operator is transversal to zero 

section on .FC/,;. (/?; Hj) xifj and (iii) Ki vanishes near the boundary oiJ^U^. (/?, Hj). 

We now use Wi to denote J^U^^{fi; H^) with a T^^-invariant uniformizer Wi 
and cover group F^. Let Ci be the corresponding bundle over Wi. Note that the 
Fi-action commutes with the action of T^^ . This implies that the T^^'-action 
descends to Wi ^ J^B{A). 

In order to globalize these perturbed moduli spaces !FA4'^'{ff), we need to 
know how these perturbation terms Vi change from Wi to Wj . The idea now is 
to use a fiber product construction of the covering (Wi, Wi) as a replacement of 
"intersections" of VK^'s. 

For this purpose, let Af be the nerve of the covering W = {Wi,l < i < q}. 
We will use elements of TV' as indices, In other words, we define the following 
multi-indices set 

A/'= {/= (ii,---,i„) |ji < i2 < ■•■ < in,Wi^nWi,n---Wi^ 7^0}. 
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We define the length 1{I) = n, for / = {ii, - ■ ■ ,in)- Note that JV has an 
obvious partial order induced by inclusion. For any I = {ii, - ■ ■ ,in) € AT, we 
will use Wi to denote Wi^ Pi Wi^ • • • fl Wj^, and £1 = C\wi- 

There are n uniformizing systems 

(£. ^ . ,W. ^ . ■,TT. ^ . ) 

^ »ir-->»fer-->*n »i,---i»fc>---i»n »ir-->*fer-->»n' 

of 

iCi,Wi), 

with covering group Fj^ , induced from 
where 



^.,...,c,....„ = K)-'™ 

and 



C. 1- . =C\~ 



We want to construct the pull-back of these morphisms, which is denoted by 



with covering group 
We define first 

We define tt/ to be the composition of Hfe^i restricting to Wj' with 

of the inverse of n-fold diagonal. If J = {ji, ■ ■ ■ ,jm) C 7 = (ii, • • • , there 

exists an obvious projection map 



J 



induced from the corresponding projection riifee/^H ^o rijjej^ji such that 
TTj o TTj = Lj o TTj whcn restricted to the inverse image of tTj, where Lj is the 
inclusion Wj ^ Wj. 

All the above constructions can bejlirectly extended to bundle case and we 
get a system of bundles {pi : C^' ^i'}: I & N. 

Note that for any fixed / with > 1, W^' is not a ( stratified) smooth 
manifold in general but rather a ( stratified) smooth variety, i.e., locally it 
is a finite union of ( stratified) smooth manifold. In fact for u G W^' with 
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u = {ui, • ■ ■ ,Un), u = nii^{uk), we can choose an open neighborhood U oi u 
in Wi and consider the inverse image Uk = 'k^^{U) of Uk in Wj^. When U is 
small enough, there exist (n — 1) equivalence maps Afe : ?7i — > Uk, k = 2, ■ ■ ■ ,n. 
Composing with the actions of automorphism group r„^ of Uk, we get nr=2 I 
equivalence maps: 

(t>k>^k '-Ui —*Uk, k = 2,---,n, (jik&Tuk- 

Clearly u = (ui,U2, ■ ■ ■ ,Un) G Tlfe^i ^fe contained in Wf' if and only if 
Uk = 4>k^k{ui) for some 4>k G r„j., k > 1. Tims, in general we can identify a 
neighborhood U of u in W^' with an union of ]Xi^j \^ui \ copies of Uj. 

Note that the action of Vi commutes with T^^-action. That implies that 
all our constructions here are T^'^-equivariant. 

We summarize up the above discussion in the following lemma. 

Lemma 6.1 There exists a pull-back 

of the n uniformizing systems 

TT. ^ . : (£. ^ . - . ) ^ {jCi,Wi) 

in the category of (stratified) smooth varieties with the automorphism group Tj. 
For any J C I, there exists a projection 

ny.{£'/,Wf')^{r.y,Wp), 

whose generic fiber contains points, where ^^A^ — Yii^eiXJ \^ik \ ■ satisfies 
the relation that wj owj = tjo ttj for each I G M, when restricted to the inverse 
image of ttj. Moreover, all constructions can be done in a T^^ -equivariant 
manner. 

Lemma 6.2 There exists an open covering {Vj}, I €J\f of TM.{J,H;A) such 
that 

(i)Vi C Wi, for all I G Af; 

(it) CliViJ n CliVi,) ^ only if h < h, or h < h- 
Moreover, all Vj can be chosen to be T^^ -invariant. 

Proof: 

We may assume that there exist open sets Wl CC Wi, i = 1, - ■ ■ ,q such 
that {wl, i = 1, - ■ ■ ,q} already forms a covering of TM.{J, H, A). For each fixed 
i we can find pairs of open sets W- CC U- , j = 1, ■ ■ ■ , q — 1 such that 

Wl CC Ul CC Wf ecu}--- CC Wf = Wi. 
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Now define 



^ii,-,i„ = wr,nwp^---nwi\ {ujex^^,ci{u;j n ci{u^J • • • n ci{UU), 

where J = (j^, • • • , j„+i). 

Clearly the family , (ii, • • • , in) € A/"} so constructed satisfies the 

conditions in the lemma. 

To get a -invariant construction, wc only need to run through above 
construction for QM{J,H;A) and define Vj as the lifting of the corresponding 
sets constructed by using stable ^-maps. □ 

Now we define 

Vi = (tti)-\Vi), Ej = {ttj)-\Ci). 

Then the bimdlc {Ej, Vj) arc still a pair of (stratified ) smooth varieties and for 
any J C I the projection ttj still can be defined when restricted to {ttj)~^{Ej, Vj)n 
{Ej, Vi). Since locally is a finite union of its ( stratified smooth) components, 
we will say a continuous section Si : Vj ^ Ej to bo smooth if locally, Si re- 
stricted to any of those components is (stratified )smooth. For a smooth section 
Si, we say that Si is transversal to zero section if locally. Si restricted to any 
of the smooth components of Vi is transversal to zero section . 

Now let {E,V) be the collection {{Ei,Vi),ttj;J C J e N}. We can define 
a global section S = {Si; I e Af} of such a system by requiring the obvious 
compatibility condition: 

(7r5)*5j = 5/1^,-1 

S is said to be transversal to zero section if each Si is. 

Now the section dj^H '■ W ^ jC gives rise to a global section of the bundle 
system {E, V) in an obvious way. Our goal now is to perturb dj^H to get a global 
transversal section. To this end, we need^to know how an element i^i G Ki can 
be interpreted as a global section of {E, V) first. 

Lemma 6.3 Each i>i G Ki gives rise to a global section, denoted by same no- 
tation i>i = {{v'i)i; I S Af}, of the system {E, V), which is T^'' -equivariant. 

Proof: 

By multiplying with some Fj-equivariant cut-off fimction /3j, we may assume 
that the support of each clement i/^ is contained in Wl = 7r~"'^(VF/) and that 
{Uf; i = 1, • • • , </} already forms a covering of J^M{J, H, A), where = {u\u G 
Wi, (3i{u) > 0} and = tt; ([/■'). Now since each Vi vanishes near the boundary 
of Wi , we may consider it as a global niulti- valued section DiofC ^ W supported 
in Uf CC Wl . Let I e Af with i ^ I and consider V/. 
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Recall that if / = {ii, • • • , z„} then 

Vi = wnnw:i---n wi \ UjeM^^.ciiu^J • • • n ci{ui^j 

with J = (ji, . • • , Since i ^ I, 

Vi c w,"; n ■ ■ ■ nw,i\wr^ n ■ ■ ■ nw^ n ci{wl) 

C W\Cl{Wl). 

Therefore, the intersection Cl{Uf) n Cl{Vi) = 0. Hence Ui\vi = for any 7 G AT 

with i ^ /. We define (i/j)/ = if i ^ /. 

Now assume that i e /. _ _ _ _ 

When = 1 hence / = {i}, Vj = Vi and (iJj)/ is just Ui : Wi ^ Ci 

restricted to Vi. 

If we denote {i} by /j, then for any I with n = 1{I) > 1, we have 

Therefore, (tt^J* gives rise to a section of Ej Vj, denoted by (t'i)/. 

Clearly the section / £ M so constructed are compatible to each other 

and yields a well-defined global section = {(i'i)/, / € M} of the system {E, V). 

Finally, wc note that /3i can be chosen to be T-'^^-equivariant, which implies 
that i^i so constructed is also T^^-equivariant. 

□ 

Let K = ®i^iKi. Consider the system 

{E xKs,Vx Kg) = {{Ei X Kg, V} x Kg);! e A/"} 

of bundles, where Kg is a (5-ncighborhood of zero of K under the identification 
of K and K. We now defined global section dj fj given by 

{9j,h){ui, = dj,HUi + i>i{ui) 
for any (uj, i/) G Vj x Kg. 

Theorem 6.1 djjjisa smooth section of {Ex Kg, VxKg), which is transversal 
to zero section. It follows that when S is small enough Jor a generic choice of 
the perturbation term v G Kg the section d j ^ : V ^ E is transversal to zero 
section and that the family of perturbed moduli spaces 

is compatible in the sense that 

7r'j{M-i) = M-jn {Imn'j), J C I. 
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Proofj 

dj u is obviously (stratified) smooth. Since 

(sJh)I^o :f/°x(i?0*-7rr(A|~o) 

i i 

is transversal to zero section, so is d^jf on x Kg, for any 1 <i < q. 

Now {Uf; i = 1, • • • , m} already forms a covering of TAi{J, H; A). Outside 

the inverse images of tt, of this covering, djjf = dj^H- This implies that the 

zero set of u is contained in the inverse image of the covering. However, 

fj is already transversal to zero section in (Trf. )^^(?7°) ^ Wi for any / G jV, 

where li = {i}. This proves the transversality for d j f^. It follows from implicit 

function theorem applied locally to each smooth component oiV = {Vj; I £ M} 
that 

is a family of "cornered" (stratified) smooth subvarieties. 
Let 

be the restriction of projection ofV x K to K. It is easy to see that Smale-Sard 
theorem is still applicable in this case. Wejionclude that for " generic" choice 

is a. transversal section of {E, V). 
The compatibility of the family of zero set 

follows from the fact that d'^ ^ is a global section of {E, V). 

□ 

We can give a canonical orientation for each M"/ (see [Fl], [FH]). Now we 
get a family of "singular cells" of TB{A), given by tt/ : A^j J^B{A) for any 
I & M. li I C J, then tt/ and ttj are related by the |^ -folded covering nj in 
the overlap 

This suggests that the family of the rational "singular" chains ofJ^B{A), defined 
by = 1^71"/ are compatible each other when restricted to those overlaps 
above. Therefore after been identified over those overlaps, {Sj, I € J\f} form a 
well-defined rational relative "singular" cycle of J^B{A). 
We formally write this as 
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Now all T^^-actions carry over to the cycle . In particular there is an 
5^-action on the top strata of C". To state our main theorem, we need to 
indicate the dependence on the critical points c+ , c_ and homology class A in 
our notations. We will write A^j(c_,c+;A) and Sj{c-,c+;A) etc. To define 
the boundary of C"^(c_, c+; A), we also need to indicate where the fixed marking 
X = (a;i, • • • , Xn) is located in our notations. We have 

Theorem 6.2 For generic choice of (J, iJ, v), fix any two critical points c_, c+ 
of H . There is a rational virtual moduli ( relative ) cycle 

C^{c.,c+;A) = Y,S'i{c.,c+;A) 

of J-B{A), whose dimension is equal to Ind{c+) — Ind{c-) + 2ci{A) + 1. The 
boundary dC"{c-,Cj^; A) is 

(C"'(c_,c;^_,x) X C"'(c,c+;A+) UC"'(c_,c;A_) x C {c,c+] A+,x), 

A-+A^ = A. whose dimension is equal to Ind{c-^-)—Ind{c-)-\-2ci{A). Moreover 
there are and T'^-actions on {c- , c+; A) and its boundary respectively. 

We note that for any (f> E and g G (c_ ,c+:A), the action (j) on g is 
given by a rotation of the domain (S^, l,x) = {S^ x R; / , i), which changes the 
relative position of the fixed marking x with respect to the marked line /. This 
implies that the S'^-action on {c- , c+; A) is free. 

7 GW-invariants and Weinstein Conjecture 

In this section we will prove Theorem 1 for genus zero case. 

Using the moduli cycle we obtained in last section, we define a Morse theo- 
retic version of GW-invariants under our main assumption that H has no closed 
orbits. 

Let Ej: : J^B{A) ^ V . Fi : J^B{A) gB{A) given by forgetting the marked 
We now compose the moduli cycle C"{c-,c+\A,x) in J^B{c-,cy,A) with the 
evaluation map Ejr and define a (relative) moduli cycle Ej^ o C^(c-,c+\A) in 
F". We denote it by = C^{c-,c+; A). 

Given (3i G Q),i = 1, • • • , n, for simplicity, we may assume that each 

f3i can be represented by a smooth manifold of V. We still use /3i to denote 
this representative. Then /? = /3i x • • • /?„ is a cycle in V"'. Assume that the 
codimension of /3 in is 

dimC,^(c_,c+;A)-l. (**) 

Now consider as a map from the " domain" j^M." = X]/e// jT7|-^/ *° 
V". By perturbing /Jj slightly, we may assume that (7^ is transversal to /3 and 
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(C^) is a compact submanifold of ■^Ai'^. The dimension assumption above 

implies that dim(C^)^^(/5) = 1. Since C" is 5-^-equivariant, (C^)~^(/3) also 
carried an S'^-action, which is free as wc mentioned above. This implies that 
(C^)-i(/3)/S'i is a finite set. We wiU use (c_ , c+ ; A, /3) to denote this set. 
There is an induced orientation on C'^{c-,c+;A, f3). 

Definition 7.1 Let (J, H) be a generic pair with H being C°° -close to H. Given 

a homology class A £ H2{V;7i) and a cycle and a cocycle of Morse-Witten 
complex, represented by certain linear combinations c—^c+ of critical points of 
H, choose (5i € Q), i = 1, • ■ • , n, such that (**) above holds. We define the 

Morse theoretical version of GW-invariant ^a,j,h{c-,c+) by specify its value 
at all such (3 's. 

I'a^j.hCc-, c+, A, . • • , /3„) = #(C''(c_ , c+; J, H, A, /?)) G Q, 

where v € is a generic element of . Note that on the righthand side of 
above equality, the number is counted with sign. 

Now let Hx = X ■ H, and choose a corresponding generic Jx. We get a A- 
dependcnt generic pair {Jx, Hx). Note that all Hx, A > 0, has same critical point 
set. Wc can define a A-dependent GVF-invariant ^A,Jx,Hx{c-fC+)- 

The key point needed to prove Theorem 1 is the following invariant property 
of the GW-invariants. 

Theorem 7.1 

is independent of the choice o/A, A € [e, Aq + 1/2), when {Jx,Hx) is generic. 
Proof: 

Fix < A_ < A+, let A = [A_, A+] C [e, Ao + 1/2) be the interval where 
the parameter A varies. We can run through everything developed in the previ- 
ous sections to incorporate the parameter A. Therefore, we will have J^Ba{A), 
J^Mk{c-,c+, Jx,Hx, A) etc. Here for instance, TBa{A) = {(/, A) | / G TB{A), A G 
A}. We can similarly define the virtual (relative) moduli cycle CX(c_, c+, Jx, Hy, A), 
C!^ j^{c-,c+; Jx, Hx , A) and Cj^{c-,c+;Jx, Hx ,A,/3). We may assume that u has 
been chosen is such a way that at two end points A_ and A_|- of A, i'x_ and arc 
also generic so that C^- (c_ , c+ , Jx_ , Hx_ , A, /3) and C^- (c_ , c+ , Jx^ , Hx^ , A, (3) 
are well-defined. Now the crucial step is the following 

Lemma 7.1 When the condition (**) on dimension holds, C^(c_,c+; Jx, Hx, A, /S) 
is a one dimensional (relative) virtual moduli cycle. It has the boundary 

dCl{c.,c+;Jx,Hx,A,p) 
= C-''-ic-,c+;Jx^,Hx_,A,P) 
U C'''+{c.,c+,Jx+,Hx^,A,P) 
U {Ux,cM{c-,c;Hx) X C''^{c,c+;Jx,Hx,A,p)} 
U {Ux,cC''Hc-,c;Jx,Hx,A,0) x M{c,c+; Hx)}, 
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where in the third term c runs through all critical points of Hx such that Ind{c)~ 
Ind{c-) = 1 and in the fourth term Ind{c+) — Ind{c) = 1. Here M(c^,c; Hx) 
is the moduli space of unparametrized gradient lines of Vi?A connecting C- and 
c. So is M{c, c_|_; Hx) in a similar way. 

Proof: 

The boundary dC"/l{c-, c+; Jx, Hx, A, P) certainly contains the four terms 
hsted in the lemma. We need to prove that there is no other terms. Consider one 
of the co mpo nents in the boundary 9CX(c_, c+; Ja, Hx,A, (3). By an analogy of 
Theorem |6.2[ we may assume that it has the form 

Ua.C^^' (c_, c; a.) X C"^^. (c, c+; A+, x), 

where A_ + A^ = A and G A are of finitely many. Now the evaluation map 

E = Ua.^^a, : Ua,C"^^'(c_,c;A_) x C"'^. (c, c+; A+, ^ 

only involves the second components above. The dimension condition (**) im- 
plies that after quotienting out the 5'^-action of second factor, E^^{P) is al- 
ready zero dimensional and hence is a finite set for our generic choice (J, H, v). 
Now for any element g G E~^{(3)/S^, there is another S'^^-action acting on 
the first factor. However the isotropy group Ig ^ is either finite or 5*^. 
The first case contradicts to the finiteness of E~^{(3)/S^. This implies that 
any element g in first factor C^' (c- , c, A-) is ^^-invariant. This, in turn, im- 
plies that A_ ^ 0, A+ ^ A, and Ind{c) - Ind{c^) = 1. Now M{c^,c;Hxi) 
is obtained in TA4{c-, c; Jx, Hx,0) as an isolated compact component when 
Ind{c) — Ind{c-) = 1, and it is just the fixed points set of the S'^-action. It 
follows from this and the vanishing property along M(c_, c; Hx^) of elements in 
K that 

C'^ic-^c+'A-) = M{c-,c;HxJ. 
Note that in the last two terms of the expression for the boundary 

9CX(c_,c+; Jx,Hx,Ax), 

there are only finite many A G A involved for the dimensional reason. 

□ 

We now prove that counting algebraically, the last two terms have no con- 
tribution to the boundary operator. Recall that we have defined c_ and c+ 
as two cycles of the Morse- Witten complex with respect to Morse function 
H and —H respectively. This implies that when Ind{c) — Ind{c-) = 1 or 
Ind{c+) - Ind{c) = 1, #{M{c^,c;H)) = 0, #(M(c, c+; 7?)) = 0, where both 
numbers are counted algebraically. Therefore for any fixed A^ and fixed critical 
point c_, c of Hxi with Ind{c) — Ind{c^) — 1, 

#{A/(c_, c; Hx,) X (c, c+; Ja, , Hx, , A, /?)} = 
#{M(c_ , c; i^A J } X (c, c+;Jx„Hx,;A,(3)}^0. 
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This proves that the boundary operator, in the sense of algebraic topology, gives 



dC'iiic^,c+;Jx,Hx,A,p) = 

-C^-(c„,c+; JA_,i?A_,A/3) 

as rational virtual moduli cycles. 

The invariance of $yi,jA,-frA (c-, c+) about A follows. 

□ 

Proof of Theorem 1.1 in the case of genus zero: 

Recall that c_ and c+ are the Morse theoretic representations of two homol- 
ogy classes a_ and a+ with supp{a-) C V+ and supp{a^) C V-. We have as- 
sumed that the usual GW- invariant '^A,n+2{a^,a+) ^ 0, hence ^^,71+2(0:-, a+, 
Pi, - ■ ■ , (3n) 7^ for certain /3i's. The usual GW-invariant for general symplectic 
manifolds are established in the work of [FO] and [LiT]. We refer readers to 
these references for the relevant definition. 

As we mentioned in Theorem 1.5 whose proof is in [LiuT3], that when < A 
is small enough, we have 

• ■ ■ ,/3n) = ^'a„/a,//a(c-,c+,/3i, ••■ 



Theorem 7_A and our assumption imply that <i>^ j;, Hx ^ ^ ^'-'^ ^^^^ A £ A. 
However, we will prove in a moment 

Lemma 7.2 When X £ A is large enough, the moduli space J-A4{c^, c+; J\, H\, A) 
is empty. 

This implies that 

when A G A is large enough. We get a contradiction. This implies that our 
main assumption that 5 and hence H has no closed orbits is not correct. This 
finishes the proof of Theorem 1. 

To prove this last lemma, choose an element / S TM{c-,c+; J\,H\, A), 
and calculate its energy. Assume that / = U^^//' U^;^ with ff connecting 
critical points and c,;+i of Hx = X - H. Since XlJ/i^] = A , we have 

o<Eif) = E^(/r)+E^(/f) 

i 3 

= X{H{c+) - H{c^)) + ll;{A). {Main Estimate) 
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Therefore, 

- H{c-)-H{c+y 
Now H is C°-closed to the given H, which impUes that 

uj{A) oj 1 _ oj{A) 1 

ff(c_) - H{c+) - H{c_)-H{c+) ^ 2 " ~2r ^ 2' 

Note that since ^ a 0, the class A can be represented by some J- holomorphic 
sphere. We have uj{A) > 0. We conclude that if J^M{c- ,c^; Jx, Hx, A) is not 
empty, then < A < ^^^^ + ^ . This proves the lemma. 

□ 



8 Higher Genus Case 

In this section, we will prove Theorem 1 in higher genus case. Our main obser- 
vation here is that the main energy estimate can bo carried out in a coordinate- 
free manner. In particular, existence of a preferable cylindrical coordinate of 
oo,-|-oo} in genus zero case does not play any essential role in the esti- 
mate. 

The method we developed in the previous sections can be adapted to higher 
genus to define the GW-invariants \I'^^g^„_|_2 (see [FO] and [LT] for the details 
and other methods). 

To define higher genus perturbed GVF-invariants ^A,j,H,g,n+2, we need to 
modify the definition of (J, iJ)-maps of genus zero case. For that purpose, we 
need to find certain 1-forms on (S, j) as a replacement of ds and d9. Let A4g_n+2 
be the Deligne-Mumford copmpactification of M.g,n+2 of stable curves of genus 
g with n + 2 (ordered) marked points. We will use -co and -|-oo to denote 
the first two marked points. It is well-known that is an orbifold. We 

can define the orbifold bundle of closed 1-forms with poles at double points, 

CJ^n+2 — > Mg,n+2 aS foUowS. 

Given any e Mg,n+2, let (S,i) be a representative of it. The fiber 

{CPn+2){T.,j) 

= {^1^ is a closed 1-form over S \ {double points, — oo, +oo}, Res{^, d) = 0} 

modulo the equivalence relation induced by the action of the automorphism 
group of (5],j), where d is a double point of S and the residue Res{^,d) is 
defined to be /^^ C + /c Here C+ and C_ are the boundaries of small discs 
D+and _D_ of S centered at d, oriented by the induced orientation of £>+ and 
Note that here we consider — oo and -|-oo as a single double point. 
Given (S, j) G (S, j) 6 Mg^n+2, let VFe(S) be a local uniformizer of Mg^n+2 
near S with cover group Fi;. For simplicity, we may assume that S has 3^ — 
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3 + n + 2 double points. Then the local deformation of S can be completely 
described by the gluing process as we did for genus zero case, with the gluing 
parameter tofSg — 3 + n + 2 complex components. Wc will use St to denote the 
corresponding deformation. Let and Di- be two fixed discs at a double 
point di e S. After gluing, we get a corresponding annulus Ci^t = x [0, Li{t)] 
in By taking the intersection of the r^-orbit of Ci^t, we may assume that 
each Ci^t is Fs-invariant. In general cylindrical coordinate {si,6i) along Ci^t 
is only defined modulo the action of Fj]. Since the action preserves marked 
points, the cylindrical coordinates near the two ends — oo and +oo are always 
well -defined for any elements in A4g^n+2- 

Proposition 8.1 There exists a continuous section Y* of the bundle CT 

such that the value ofY* (lifted to an uniformizer) at any e W^e(S) 
has the property that 

Y*iJ:t)\c,,,=aid0i, 
Y*{Et)\c.^^,=d9_^, 

where ai is a constant. 

Proof: _ 

Step I. Construct Y* on each We(S). 
We cosider the case that n = first. 

Fix a smooth Ef„ G Wf {E), let Q = C;(to), Z = 1, ■ • • , be the all simple 
closed geodesic of (S,to(jq)), where m{jo) is the hyperbolic metric which cor- 
responds to the complex structure on . The degeneracy from to E can 
be described by shrinking 8(7 — 8 + 2 many of Cj's of St,,. For simplicity, we 
assume that first 3g — 3 + 2 C;'s are to be shrunk to double points of S. We 
may assume that the length of Ci{t) is bounded above for St £ VFe(S) and the 
upper bound has been achieved at St^. Then each clement S' G VFe(S) can be 
obtained from Sto by cutting along some of Ci,l = 1, • • • , L, and insert some 
neck Ni = X [0, Mi] through gluing along boundaries. Therefore we only 
need to construct Y* at St^ with described property of theorem. To see this, 
wc note that by using the local translation invariance of aidOi = Y*{'Et„)\c, 
one can easily extend Y* over Ni, hence define y*(S') for any S' e VFe(S). 

To construct F*(Sto), we cut off D+00, -D_oo of the neighbourhoods of -Hoc 
and —00 and glue their boundary C+00 and C_oo back to get a curve S of genus 
g + 1 with Co = C+00 = C_oo ^ By our assumption all C S, 1 < Z < L, is 
still contained in S and CqPiC; = 0. Let ei, • • • , 62^+2 be the generators of iJi(S). 
Write C = J2j aijej,0 < I < L. Since each [Ci] 7^ in _ffi(S), Z) , for any fixed 
I, there exist some j,l < j <2g + 2 such that aij ^ 0. Clearly, there exist some 
X = {xi, - ■ ■ ,X2g+2) such that aojxj = 1 and aijXj 7^ 0, 1 < Z < L. By 

de Rham theorem, we can find a Y* such that {Y*, ej) = Xj. This implies that 
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(F*,Co) = 1 and (Y*,Ci) ^ 0, 1 < ^ < L. By adding an exact one-form and 
back to Sto ) we can find a Y*iY,ta) with the desired property, hence a section 
Y* on We(S). This completes the local construction for n = 0. 

To deal with the general case, we may assume, for simplicity, that Yit^ = 

U Sjjj , where is a genus g curve with fc + 2 marked points, k < n, without 
any unstable rational components after forgetting its last k marked points, and 

consists of only stable rational components (bubbles) carrying the rest n — k 
marked points. We may assume further that Sj^^ has only one component with 
two marked points and one double point d. The local deformation of T,t„ consists 
of two parts: the deformation of in M.k^2, with the resulting surface Tt^i 
associated to the complex gluing parameter of 3^ — 3 + + 2 components, 
and a further deformation of S^i U Ej^^ with a gluing parameter t"^ associated 
to the double point d. It is easy to see that we can define Y* for all local 
deformation Sji by pulling back the Y* defined for the case n = through the 
local projetion given by forgetting the last k marked points. We define Y* at 

U by declaring its value to be zero along Ef^ . Extending Y* over the 
final deformation given by can be easily obtained. We leave it to the reader. 
Step II. 

By taking the average of the action Fs on Y* , we get a section Y* over 
We(S) = We(S)/rE, with the desired property. 

By using a partition of identity subject to a finite covering of A4g.2 given 
by {W,;. (Ej)/ri;.} , we can paste these local Y* defined on W^^. (Ej) together to 
get a well-defined Y* with the required property. 

□ 

What we need is slightly more. We need to define F*(E) for any semi-stable 
curve E of genus g. Each semi-stable curve E can be obtained from some stable 
curve E' by inserting first some unstable principal components (P;; (zi)-, (^;)-|-)'s 
with Pi \ = R'^ X 5^ at a double point or at the two ends of E', 

then adding some bubble components Bj's. Clearly, Y* can be extended in an 
obvious way to include all semi-stable curves in its domain. 

We will use E; to denote component E' and write E = UiE; Ui Pi Uj Bj. We 
now define [j, J, i/)-map / with domain (E, j) of semi-stable curve of genus g 
by using the following equations: 

(i) onS,, rf/f + J(/f)od/oj = 0; 

(ii) on E,, dfP + Jiff) odfoj- VH{fP)f(Y*) + J{ff)VH{ff)Y* = 0; 

(iii) on Pi, same as (ii) for f^'. 

As in genus zero case, we impose the obvious asymptotic condition along all 
ends of E. 

By using local convergence described in Section 1, together with the local 
translation invariancc of Y* along necks, wc can prove the Gromov-Floer com- 
pactness theorem for (j, J, i?)-maps. We remark that each (j, J, i?)-map / is 
defined on E \ {double points} U {— oo, -|-oo} and we consider double points of 
E and — oo,-|-oo as ends of /. Along those ends ff or f[ are convergent to 
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(successive) critical points of Vi? , if the corresponding ai ^ 0. Otherwise, they 
are [j, J)-holomorphic along these ends, hence can be extended smoothly over 

the double points. 

Set X* = j*Y*. Let X,Y = j{X) be the dual vector fields of X* and Y*. 
We define energy 

^(/) = 1^/ j ^{df[iX\dft{X))X*AY* 

+ E/ j jdfT{x),dff{x))x*AY*+Y,j J^iffr^ 

Since X* A Y* is compatible with the orientation of Pi or S; at its non-zero 

points, we have E{f) > 0. 

Wc can now recover our main estimate. 

Theorem 8.1 For A > Ao + |, there is no {j, J\, H\)-map connecting c_ and 
c+ of class A. 

Proof: 



0<E{f) = I I f*uj+ ujidfiX),dfiY))X* AY* 

B J J PUiSi 



+ x[ [ {VH,df{X))X* AY* 
= f f f*u + xf f {d{H o f){X)X* + d{H o f){Y*)) AY* 

J J Y. J J PUiE; 

= // f*uj + xf [ d{Hof.Y*) 

= w{A) + X{Hof{+oo)-Hof{-oo)) 
+ Xj2iHof{di)Res{Y*{^),f{di))) 

i 

= uj{A)+X{H{c+)-H{c-)). 
This implies that 



□ 



By using (j, Jx, Hx)-ma.ps, we can now repeat our construction from Section 
3 to Section 7 to get a virtual moduli cycle in higher genus case and to define 
perturbed GW-invariant ^A,Jx,Hx,g,n+2 for e < A < Aq + |. What is left is to 
prove the higher genus case of Theorem 1.6. 
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Theorem 8.2 

^A,Jx,Hx,g,n+2{C-, C+, /Ji , ■ • • , /3„) 

is well-defined, independent of the choices of X G [e, Aq + |]- It is equal to zero 
when A > Aq. 

Proof: 

The last statement fohows from our estimate above. The first part can be 
proved in a similar way as before. It fact, if there is no unstable principal com- 
ponent ff appearing as connecting orbits, th invariancc of ^A.Jx-Hx.g.n+2 with 
respect to A can be proved in same way as the usual GW-invariant A,j),,g,n+2- 
For each fixed intersection pattern, those unstable principal components ff of 
connecting orbits form several strings, each connecting two critical points of H. 
We may apply the theory for genus zero case to each of those strings separately. 
The general case now follows by combining above two cases. 

□ 
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